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Data Transmission When the Sampling
Frequency Exceeds the Nyquist Rate

Ender Ayanoglu,Senior Member, IEEE

Abstract—In this letter we show that if a channel with a total of which particularM out of N to choose as data-bearing
spectral support of W Hz is sampled at a rate f. > 2W Hz samples is not arbitrary, and again, not every choice will
(exceeding the Nyquist condition), it is possible to find integers o The next section will elaborate the limits of equalizer

M, N such that only a certain subset, consisting ofif members ; . .
of the NV integers, carries independent data which obeyW//N < theory for this problem and explain how to determine both

2W/ f.. Not all integers M, N satisfying this inequality will work, ~PermissibleM and N, as well as which particulat/ out of
and even for a working set of M and N, not every subsetM of [N time instances are appropriate for an arbitrary, nonideal,
N integers will work. We derive the relation betweenl, N, f., generalized bandlimited channel arfigl
the spectral support of the channel, and the subsefi/ of the
N integers.
) ) Il. EQUALIZER THEORY
Index Terms—Non-uniform sampling, PCM modems, 56K

modems. For the configuration in Fig. 1 where we have defined
T = NT,, let
l. INTRODUCTION pe(t) = h(t)xrF(t), 1<Ek< M. )

(t) is interpreted as the receive filter
qualizer) for thekth data-bearing member of each group
N samples, and for now, we require that thé data-

aring samples’,a?,- .- a! be transmitted consecutively

ny Yno”

N THIS LETTER we are interested in data transmissi - &
I over a channel band limited ¥ Hz, sampled at a period ofOllqhe Mh equalizer,s
T seconds, but where the usual Nyquist condition is violateg
i.e., the sampling frequency, = 1/7, > 2W. It is known be
that it is possible to transmit information within a bandwidt tnl, nT+15, - ,nT+(M-1)T}. For N—M time instances

of W Hz while employing f, > 2W, as long as the actual nT+MT,,---,nT+ (N — 1)T,, nothing is transmitted. With

informz_ition rate is Iimite_d t02W syml_)ols per Sec_o'?d 41, this notation in place, the zero-forcing requirements for the
[2]. This can be accomplished in principle by permitting onl%

2W symbols/s to be independently chosen, with the extr%(stem of Fig. Ipy(#) can be written compactly as

fs —2W symbols/s carrying limited or no new information, or  py(nT + (m — 1)T5) = 6,6k—m. 1<km<M (3

more precisely, information which is in part determined by the

independen2WW symbols/s [2]—[4]. A simple way to constructfor all n. From (3),

such signals is to permit only some subgétout of every N o0

consecutive symbols to be independently chosen, while the(t) Z 8(t—nT —(m—1)T5) = dp—mb(t — (k — 1)T5).

remaining N — M become determined by the independent n=—oo

samples and the bandwidth restriction. _ o (4)
Our basic premise in this letter is that if a channel has d'e Fourier transform of (4) is just

total of W Hz spectral support, and if it is sampled at a rate | >

n 5 -
fo > 2W Hz, then it is possible to find integef, N such = »_ W U"P(f - T) = pome 2D (5)
that only a certain subset, consisting/df members of theV n=—00
integers, carries independent data which obey where W (m=—1n — =15 (m=1n 5 — /"7 1 < }r,m < M.
M 2w Noting thatW® = WitkN for all i andk, (5) can be written

The remainderV — M integers carry data dependent on the- - (m=1)n S _n_ by —i2m(k—1)fTs
independent data as well as the channel spectrum. Thdéenz_:ow l_z_:oopk(f T TS) = Ok-me

integers are ignored for data transmission purposes. A key (6)
point is that not everyM, N pair, satisfying (1), will work. for 1 < k,m < M.

Furthermore, even if valid/ and V are found, the choice Equation (6) relates frequency translates of the composite

folded spectra of the pulse systepp(t), which are folded
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Fig. 1. Data transmission system over a chanigl) with equalizersr’(¢).

which we define asP,E"). (Note the periodic nature of the
folded spectrum.) Together, thesE,E") must satisfy the
discrete Fourier transform relation (6), which represents (3)
in the frequency domain.

Let us definep, = (P”, P, ..., PN "WT . For nota-
tional simplicity, we will also defind¥ = [W D01, v 3500 Hz
ande;, as the unit vector in théth direction. Then (6) can
be written as

1 59 (T
W =g, 1<k<M. (7)

The sample-rate-folded composite spectrum 3500 Hz

_ = l = l l
Pi(f) = Z Pk(f—i)z Z H(f_i)Rk(f_i)
8
may be constrained by the support Hf(f) to have zeros,
resultlng in elements Oﬁk which are zero. Let us deflrpﬁ“ Fig. 2. Description of the spectral condition on the unit circle. For

as the vector obtained from, by deleting the zeros, an@#  each f, there should bel nonzero Nyquist translates of the function
as the matrix obtained by deleting the corresponding columHsf) = 2.2 _ H(f —1/T.) spaced2r /N radians apart. Equivalently,

l=—00 l=—00

of W. Then (7) becomes H(f) should haveM translates at /T Hz available.
1.~ o (1. .
—Wp, = e 2RI Tog, 1<k<M. 9) In the development above, we assumed consecutive sam-
7 Pr
pling times1 < m < M. When sampling is not consecutive,
The matrix W is Fourier [5] and thereforerank W = the analysis holds for (3)—(6) with the conditian< m < M

min(M,dim#, ). If dimp, < M, then (9) becomes an replaced by the condition that takes onM values from the

inconsistent set of linear equations. For (9) to hatdeast set{l,2,---,N}. Let us denote this set ofi's M 2 {m; :
one solution, we must havéimp, > M for all f. In other 1 < m; < Nforl <4 < M, m; # m;fori # j}. Then, the
words, the configuration in Fig. 1 can suppdit consecutive matrix on the left-hand side of (6} = [W—DU—D] /. n
data-bearing sample times, as described above, as long assfaeplaced byW = [W{i—DG=D],, - and the matrix on
any fo € (—1/2T,,1/2T,), at leastM Nyquist translates lie the right-hand side of (6]§;_ ;e =27 —1/T%] /. 5, is replaced
in the support of one period of the sample-rate-folded chanmeith [¢;_;e=?27(mi=1ST: ], /. Thus in this case, the nonsin-
spectrumy ;2 H(fo —1/T%). gularity of M x M submatrices oW = [W(i—DU=D], 0
This requirement can be applied to the idealized passbhamtomes a condition for realizabilitin additionto the spec-
channel with a one-sided bandwidth of 3 kHz (500-3500 HZyal condition mentioned above. For example, férf =
Using a sampling rat¢/7; of 8 kHz andM =6, N =8, for {1,2,3,5,6,7} inthe M =6, N =8, 1/T =1 kHz pass-
any choice offy, six 1-kHz translates are always available ifband problem above, the submatrix corresponding to columns
the support of one period of the sample-rate folded spectrdm3 and 5—7 oW becomes singular at, for examplg, = 0
(Fig. 2). For this channel, we assert thgt =3, N = 4 will Hz. It is known that whenV is prime, all such submatrices
not work. This can be demonstrated by examining the 2-kkze nonsingular [6]. Thus, whelN is prime, any set of\/
translations of, for examplefy, = 0 Hz. sampling times will do, as long as, for dl] at leastd nonzero
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1/T-spaced translates are available in the sample-rate foldrd sinceWW?" = NI p, = ¢ 27¢=DST(q yp—(k-1)

spectrum.

w—2k-1) . W—(M—l)(k—l))_T_

There is an interesting duality between the consecutivity Finally, we remark that the results in this letter are applica-
of the sample times and the contigditgf the sample-rate ble to the dual of the case in Fig. 1, where the equalizers are
folded channel support: 1) any sampling times can be usedplaced at the transmitter side, preceding the channel.
provided that the sample-rate folded support is contiguous andApplications of this result to voiceband data transmission

at leastM translates are available, since in this c¥ge is
row-wise Fourier, and hence full rank and 2) any sample-rate
folded support set having/ translates available can be used
provided that theM sampling times are consecutive, since in
this caseW is column-wise Fourier.

When dimp, = M, the solution to (9) is unique. In
addition, when there is only one nonzero term in eﬁéﬁ),
then the equalizer sef (¢) is also unique. Whedim g, > M,
then the system (9) is underdetermined, and an infinite s¢f]
of solutions exists, though among these, there is a unique
minimum-norm solution given by the pseudoinverse [7]. Fory
the special casdimp, = N, the minimum norm solution to
(7) is given by the right inverse

D, = WH(WWH)—IG—QQﬂ-(k—l)fTs e,

(1]
(2]

[5]
1<k<M 6]

(10)

1Contiguity here means that the support set is fully connected when depictdd]
on the unit circle.

over a twisted pair will be described elsewhere.
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