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Abstract— An analysis of the diversity gain
for bit-interleaved coded multiple beamforming (BICMB)
method in millimeter-wave (mm-Wave) massive multiple-
input multiple-output (MIMO) systems is carried out for
both the single-user and multi-user scenarios. We show
that full diversity gain and full spatial multiplexing order
can be achieved in both scenarios. Also, we show that the
diversity gain in the multi-user scenario is independent
of the number of users in the system. The assumption
here is that the channel state information (CSI) is known
at both sides of the transmitter and the receiver and
the number of antennas in each remote antenna unit
(RAU) tends to infinity. Based on these assumptions, thze
(Zt J lgij )
Zl _[ i j , ,
where L;; is the number of propagation paths and g;;
is the large scale fading coefficient between the ith RAU
in the transmitter and the jth RAU in the receiver. The
diversity gain in the multi-user scenario for the kth user
where M represents the number of RAUs at the

diversity gain for the single-user scenario is

2
Z L ;
transmltter Simulation results show that when the perfect
CSI assumption is satisfied, the use of BICMB results in
the diversity gain values predicted by the analysis.

I. INTRODUCTION

Millimeter-wave (mm-Wave) massive multiple-input
multiple-output (MIMO) will likely become an impor-
tant part of the Fifth Generation (5G) communication
systems. It enables increasing the data rates and helps in
accommodating the billions of wireless devices whose
numbers increase exponentially each year [1]-[3]. De-
spite of its substantial gains, mm-Wave massive MIMO
brings challenges. Severe penetration loss and path loss
in the mm-Wave signals compared to signals in former
and current cellular systems (e.g., 3G or LTE) are two
of the challenges [4].

One of the advantages of the mm-Wave frequencies is
that they enable one to pack more antennas in the same
area compared to a lower range of frequencies. This
leads to highly directional beamforming and large-scale
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spatial multiplexing! in mm-Wave frequencies. The
principles of beamforming are independent of the carrier
frequency, but it is sometimes suggested not to use fully
digital beamforming schemes for massive MIMO sys-
tems for practical reasons [7]-[10]. Power consumption
and cost perspectives are the main obstacles due to the
high number of radio frequency (RF) chains required
for the fully digital beamforming, i.e., one RF chain
per antenna element [11]. To address this problem,
hybrid analog-digital processing of the precoder and
combiner for mm-Wave communications systems is
being considered [12]-[18], where [18] proposes an
algorithm to calculate the beamforming matrices in a
closed form.

Recently, the diversity gain of a mm-Wave massive
MIMO system with distributed antenna-subarray archi-
tecture is studied in [19]. The authors of [19] have
shown that the diversity gain depends on the number
of transmitted data streams. Therefore, by transmitting
more data streams, we get a lower diversity gain. In-
creasing the diversity gain in mm-Wave MIMO systems
by using iterative eigenvalue decomposition (EVD) is
studied in [20]. In [20], the authors propose an algorithm
to find the antenna weight vectors such that the full
diversity gain is achieved. The system model used in
[20] is co-located and the maximum achievable diversity
gain is the number of multipath components (MPC), i.e.,
L. Diversity gain analysis for the mm-Wave MIMO sys-
tems is studied in [21], [22]. In [23], a combination of
space-time block coded spatial modulation with hybrid
analog-digital beamforming is used to achieve the full
diversity gain for mm-Wave MIMO systems.

Bit-interleaved coded modulation (BICM) was intro-
duced as a way to increase the code diversity [24], [25].
As stated in [26]-[28], bit-interleaved coded multiple
beamforming (BICMB) has a substantial impact on
the diversity gain performance of a MIMO system.
In [29], using BICMB to increase the diversity gain
is investigated for the single-user scenario in mm-

'In this paper, the terms "spatial multiplexing" or "spatial multi-
plexing order" are used as in [5] to describe the number of spatial
subchannels. Note that this term is different from "spatial multiplexing
gain" defined in [6]
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Wave massive MIMO systems with distributed antenna-
subarray architecture. Lately, we used BICMB with
perfect coding (BICMB-PC) in the same architecture
to maximize the diversity gain [30]. The comparison of
BICMB-PC and BICMB can be found in Section VIIL.

In this work, we extend the method we used in [29]
to a multi-user scenario where multiple users are being
served with a base station (BS). By this extension,
there are new challenges which we need to address.
As an example, that the beamforming technique which
was used in [29] is no longer valid in the multi-user
scenario. We need a new beamforming method not only
to eliminate the inter-user-interference, but also to be
a closed form beamforming method, so we can get a
closed form diversity gain formula. Furthermore, the
effect of imperfect CSI is studied in Section VI. The
importance of this section is that the assumption of
perfect CSI in real-life application of mm-Wave massive
MIMO systems is not valid. Section VI is intended to
overcome this challenge and to see if the basic result
still holds when we do not have perfect CSI in our
system.

The rest of the paper is organized as follows. In
Sections II and III, BICMB for the single-user scenario
is analyzed. We show that by using BICM in the system,
one can achieve full spatial multiplexing without any
loss in the diversity gain. That is, in Section III, we show
that BICMB achieves full diversity order of M, M,L and
full spatial multiplexing order of M, M;L in a special
case when the number of propagation paths is constant
for all paths between RAUs, ie., L;; = L over the
mm-Wave channel. We provide design criteria for the
interleaver that guarantee full diversity and full spatial
multiplexing. In Section IV, the system model and chan-
nel model for the multi-user scenario are introduced. In
this section, a hybrid beamforming method [18] is used
to eliminate the inter-user interference and to maximize
the achievable rate. The difference of the method in [18]
with the other methods is its closed form expression
where the precoder and combiner matrices can be calcu-
lated explicitly without any need for iteration. Similar to
Section I1I, in Section V, we show that for the multi-user
scenario, BICMB achieves full diversity order of ML
in a special case when the number of propagation paths
is constant for all paths between RAUs, ie., L;; = L
over the mm-Wave channel where M is the number of
RAUs at the transmitter. We would like to emphasize
that the asymptotical diversity analysis obtained in the
sections studied so far is under the idealistic assumption
of having perfect CSI at the transmitter and the receiver
as done in similar works. The effect of imperfect CSI
on the diversity gain is studied in Section VI. We show
that the maximum diversity gain can be achieved with
imperfect CSI, as long as the accuracy of the channel

estimation is sufficiently large. Simulation results are
provided in Section VII. Finally, conclusions are pre-
sented in Section VIII.

Notation: Boldface upper and lower case letters de-
note matrices and column vectors, respectively. The
minimum Hamming distance between any two code-
words in a convolutional code is defined as the free
distance dfee. The symbol N denotes the total number
of symbols transmitted at a time. The minimum Eu-
clidean distance between the two constellation points
is given by dmpin. The symbols (), ()T,()", () and V
denote the Hermitian, transpose, complex conjugate,
binary complement, and for all, respectively. CN(0, 1)
denotes a circularly symmetric complex Gaussian ran-
dom distribution with zero mean and unit variance. The
expectation operator is denoted by E[.]. [A];; or A(i, j)
gives the (i, j)th entry of matrix A. A(i,:) and A(, )
represent the ith row of the matrix A and jth column of
the matrix A, respectively. Finally, diag{a,as,...,an}
stands for a diagonal matrix with diagonal elements
{al,az, .. .,aN}.

II. SYSTEM MODEL FOR SINGLE-USER SCENARIO

Consider a downlink single-user mm-Wave massive
MIMO system as shown in Fig. 1. In this system, the
transmitter sends Ny data streams to a receiver. The
transmitter is equipped with NRF RF chains and M,
RAUSs, where each RAU has N; antennas, while at the
receiver, the number of RF chains and RAUs is given by
NRF and M,, respectively. Each RAU at the receiver has
N, antennas. When M; = M, = 1, the system reduces
to a conventional co-located MIMO (C-MIMO) system.

The input to the system is N, data streams. The vector
of data symbols to be transmitted by the transmitter at
each time instant, x € CVs*1 can be expressed as

x = [x1mxn, ]S @)

where E [xx”] = gx-Tn,. The preprocessing at the
baseband is applied by means of the matrix Fppg €
CN"xNs The last stage of data preprocessing is per-
formed at RF, when beamforming is applied by means
of phase shifters and combiners. A set of M,N, phase
shifters is applied to the output of each RF chain. As
a result of this process, different beams are formed in
order to transmit the RF signals. We can model this
process with an M, N, x N complex matrix Frg. Note
that the baseband precoder Fgg modifies both amplitude
and phases, while only phase changes can be realized
by Fgrr since it is implemented by using analog phase
shifters.

We assume a narrowband flat fading channel model
and obtain the received signal as

z = HFrpFppx + n, (2)
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Fig. 1. Block diagram of a mm-Wave massive MIMO system with distributed antenna arrays.

where H is an M,N, X M;N, channel matrix with
complex-valued entries and n is an M, N, X 1 vector
consisting of ii.d. CN(0,Ny) noise samples, where
Ny = ;]V\,—’R and SNR is defined as the signal-to-noise
ratio. The processed signal is given by

y = W WE HFppFppx + WH,WHn,  (3)

where WgE is the M, N, x N RF combining matrix,

and Wgp is the NfRF) X Ny baseband combining matrix.
The channel matrix H can also be written as

H —

VB Hi;
VB2 Hy;

VBm A Hp, 1 Bm,2Hu,2

VBi2Hi2
VB2H2

vVBim, Hinm,
vVBam, Hopm,

VBm, v, Hum, m,

“

where §;;, a real-valued nonnegative number, represents
the large-scale fading effect between the ith RAU at the
receiver and jth RAU at the transmitter. The normalized
subchannel matrix H;; is the MIMO channel between
the ith RAU at the receiver and the jth RAU at the
transmitter.

Analytical channel models such as Rayleigh fading
are not suitable for mm-Wave channel modeling. The
reason for this is the fact that the scattering levels
represented by these models are too rich for mm-Wave
channels [13]. In this paper, the model is based on
the Saleh-Valenzuela model that is often used in mm-
Wave channel modeling [31] and standardization [32].
For simplicity, each scattering cluster is assumed to
contribute a single propagation path. The subchannel
matrix H;; is given by

Lij

>ala@al 4, ©)

where L;; is the number of propagation paths and
af]. is the complex-gain of the /th ray which follows

CN(0,1), the vectors ar(Hfj) and a,(¢§j) are the nor-
malized receive/transmit array response and Oﬁi and qﬁf,].
are its random azimuth angles of arrival and departure
respectively.

The uniform linear array (ULA) is employed by the
transmitter and the receiver in our study. For an N-
element ULA, the array response vector is given by

T
L[y gFasine) | N-nEdsine)|"

VN
(6)

where A is the wavelength of the carrier, and d is the
distance between neighboring antenna elements.

We leverage both BICM and multiple beamforming to
form BICMB [26]. An interleaver is used to interleave
the output bits of a binary convolutional encoder. Then
the output of the interleaver is mapped over a signal
set y € C of size |y| = 2™ with a binary labeling map
u:{0,1}' — y. The interleaver design has two criteria
[26]:

1) Consecutive coded bits are mapped to different

symbols.

2) Each subchannel should be utilized at least once

within dfee distinct bits among different code-
words by using proper code and interleaver.

ayra(e) =

Note that the free distance dge. of the convolutional
encoder should satisfy dfee > Ny [26].

For mapping the bits onto symbols, Gray encoding
is used. Also, we are using a Viterbi decoder at the
receiver. The interleaver r is used to interleave the code
sequence c. Then the output of the interleaver is mapped
onto the signal sequence x € y.

The only beamforming constraint here is a total
power constraint, because one can control both the
amplitude and the phase of a signal. The total power
constraint leads to a simple solution based on singular
value decomposition (SVD) [13]

H=UZVH = [uluz...quNr]HZ [Viva...va,n, |

)
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where U and V are M, N, X M, N, and M;N; X M;N;
unitary matrices, respectively, and X is an M, N, X M; N,
diagonal matrix with singular values of H, i.e., o7, on
the main diagonal with decreasing order. By exploiting
the optimal precoder and combiner, the system input-
output relation in (3) at the kth time instant can be
written as

v, | X

Yk = [u1u2-~-uNS]HH [V]Vz...

+ [wuy. . ouy, ]y, ®)

Yk,s = OsXks +gs, fors=12,...,Ns. (9)
III. DIVERSITY GAIN AND PEP ANALYSIS FOR
SINGLE-USER SCENARIO

The average probability of bit error (BER) Pg at
high SNR for both coded and uncoded system can be
approximated by [33], [34]

~ (Goy) 1, (10)

where G, is defined as coding gain, G, refers to
diversity gain, and ¥y is the average SNR. In a log-
log scale, diversity gain G4 determines the slope of
the BER versus the average SNR curve in high SNR
regime. Furthermore, changing G. leads to the shift of
the curve in SNR relative to a benchmark BER curve
of (7764).

In this section, we show that by using the BICMB
analysis for calculating BER, the diversity gain becomes
independent of the number of data streams in high SNR
regimes.

Theorem 1. Suppose that N, — co and N; — co. Then

the bit interleaved coded distributed massive MIMO
system can achieve a diversity gain of

2

(Zi, j ﬁij)
i ,Bisz,-_jl
M, and j =1,...,M;.

Proof. We model the BICMB bit interleaver as x :

" — (k,s,i), where k’ represents the original ordering
of the coded bits ¢/, k represents the time ordering of
the signals xi s and i denotes the position of the bit i
on symbol x s.

We define Xli as the subset of all signals x € y. Note
that the label has the value b € {0, 1} in position i.

Then, the ML bit metrics are given by using (9), [24]-
[26]

Ga = an

fori=1,...

Y (yk s»Ck’) = min |.Vk s stl (12)

X X(‘kl

The receiver uses an ML decoder to make decisions
based on

A . i . ). 1
¢ argr&lg;y(yk“,cw (13)

Assume that the code sequence c is transmitted and
¢ is detected. Then by using (12) and (13), the pairwise
error probability (PEP) of ¢ and ¢ given CSI can be
written as [26]

P(c — ¢H) =

Z min |y s stl 2 Z mln [Vk,s 0'sx|
k' E)((k/ k' X€ ék/
(14)

where s € {1,2,...,Ng}.

Note that in a convolutional code, the Hamming
distance between ¢ and &, d(c — €) is at least djee. In
this work we assume for PEP analysis d(c — &) = dfiee.

For the dfe bits, let us denote

Kps = arg min |yey — asx| (15)
XEXE,,

Xk,s = arg min |yk s O'S)Ci (16)
xXext,,

By using the trellis structure of the convolutional
codes [26], one can write

2 Ns 2
dmin Zs:l AsTs

P(c — ¢[H) < Q o

a7
where a; is a parameter that indicates how many times
subchannel s is used within the dfee bits under consid-
eration, and Z = dfree. The bound Q(x) < %e‘f
can be used to upper bound the PEP as

P(c — &) =E [P(c — ¢[H)]

1 ~d2. YN a0
<E|l= min “~s=1 s ) 18
< E|5exp (—4N0 (18)
Let us denote @min = min {ag : s = 1,2,...,Ns}.
Then
(Zivjl as(ff) (a’minZiV:sl 03) (aminZnglcff)
> > .
Ny N L
(19)

There are only L, = Z ZM’ L;;j non-zero singular
values [19].
Let us define
M, M,

© = ZO- _“H”F_ZZIBu”HU”F (20)

i=1 j=1
Theorem 3 in [13] implies that the singular values of

. [Ne Ny |
H;; converge to L, )a/l

in descending order. By
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using the singular values of H;;, (20) can be rewritten

as
M, M, M, M, ﬂ Lij
0= BZI”HZI”F_NNZZZ ]Z ‘
i=1 j=1 i=1 j=1 l] 1=
_,_/
Fij
(21)

Note that the random variable ZIL:"I |af]| has a y-
squared distribution with 2L;; degrees of freedom, or
equivalently a Gamma distribution with shape L;; and
scale 2, denoted G(L;;,2). Then, since Si;L; L5 0,

Y ~ G(Lij,2Bij l.jl) [35]. One can use the Welch-
Satterthwaite equation to calculate an approximation to
the degrees of freedom of ® (i.e., shape and scale of
the Gamma distribution) which is a linear combination
of the independent random variables ¥;; [36, p.4.1-1],

[37]
2 2
(Zi,j 9inij) (Zi,j ﬁij)
K= 2 = 271 (22)
2ij 0; ki 2ij BiiLy;
2 27 -1
_ 2ij Oiikij _ 2i.j BijLi; 23)
2i,j Oijkij ij Bij
Using (18), (19), and (20), the PEP is upper bounded
by
1 ~d? Wmin N
P &)< -E ——min P P @ s 24
c—9=7 CXP( ANoL, (24)

which is the definition of the moment generating func-
tion (MGF) [38] for the random variable ®. By using
the definition, (24) can be written as

P(c — &) =g(d, @min, X)

1 2, @minNs N, -
<= |1+ gmin T T oNR (25)
N ed‘zn‘“ minNoVo ¢ VR B (26)
2 4L,

for high SNR. The function g(d,min, ¥) denotes the
PEP of two codewords with d(c — ¢) = d, with @min
corresponding to ¢ and ¢, and with constellation y. In
(25) 0 and k are defined as (22) and (23).

In BICMB, P, can be calculated as [26]

1 (o)
Py >, D, 8damin(di) ).  @7)

¢ d=dfe. i=1
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where Wj(d) denotes the total input weight of error
events at Hamming distance d. Following (26) and (27)

o Wi(d) K
1 1 treeamm(d )Ny N,
— SNR .
<k 2 22 ( i
(23)

The SNR component has a power of —« for all sum-
mations. Hence, BICMB achieves full diversity order
of

2
(Zi ; ﬁij)
Gi=k= ——— 29)
2 7 -1
Zl oJ ’8 ij Ll J
which is independent of the number of spatial streams
transmitted.

Remark 1. Under the case where N, and N, are large
enough and assuming that L;; = L and B;; = B for
any i € {1,...,M,} and j € {1,...,M,}, it can be seen
easily that the distributed massive MIMO system can
achieve a diversity gain

This result can be compared to (20) in [19] where the
diversity gain with no coding is G4 = M;M, L — Ng + 1.
By using BICMB, we omitted the effect of the number
of transmitted data streams on the diversity gain in
our work, i.e., full spatial multiplexing gain and full
diversity gain is achieved. Furthermore, by comparing
(30) with the results in [20], one can see that using
RAUEs at the transmitter or the receiver side increases
the diversity gain by a factor of M, M;.

Remark 2. Theorem 1 implies that the diversity gain
is independent of the number of data streams, i.e.,
the transmitter can send the maximum number of data
streams Ny < L,, and still get the same diversity gain.
This will be illustrated in Section VII.

IV. SYSTEM MODEL FOR MULTI-USER SCENARIO

Consider a downlink multi-user massive MIMO sys-
tem as shown in Fig. 2. The antenna array at the BS
consists of NRF RF chains and M RAUs, each of
which has N; antennas. There are K different mobile
stations (MS) and each one of them is equipped with
N, antennas and N,RF RF chains. The BS transmits K N;
data streams and each MS receives its Ny data streams.
We constrain the number of RF chains in order to reduce
the hardware complexity of the massive MIMO system.
This constraint for the BS is KN, < NIRF < N; and
N < NfF < N, for each MS.

We denote the RF precoder Frr by an MN; X NtRF
matrix and the baseband precoder Fpp by an NtRFXK N;
matrix. At the BS, the transmitted symbols of K users
first go through a power allocation matrix P which is
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Fig. 2. Block diagram of a multi-user mm-Wave massive MIMO system with distributed antenna arrays.

KN; x KNy and |[P||% = P;. Since the RF precoder
matrix only changes the phase of the input signal, its
magnitude is constant, i.e., |Frp(i,j)| = LN: Also,
because of the power constraint at the BS, we need to
satisfy ||FRFFBB||12V = KN,. We assume that the CSI is
known at the transmitter and the receiver. We employ
a narrowband flat fading channel model for CSI. The
received signal at the kth MS after combining is given
by

H H H H
Vi = WK g g WE g i FrpFp gPx + WX g WE oy
(3D

where k € {1,2,...,K}. The channel matrix corre-
sponding to the kth MS Hy is N, X MN; and ny is a
N, x 1 vector consisting of i.i.d. CN(0, Np) noise sam-
ples, where Ny = SI]\\],—'R. Also, x = [x{,xg,...,xz]T 18
a KN, x 1 vector representing total transmitted symbols
of K users, satisfying E{xx/'} = KLNSIKNM Note that
X consists of the Ny symbols transmitted to the kth
user. Wgy is the N, x NRF RF combining matrix and
Wgp is the NfF X N baseband combining matrix for
kth MS.
We define the baseband channel as
0y = WEl H Frp. (32)
The estimated signal can be expressed as

H _
Yk,s :WkBB (Ss :)HkFBB (:» ks) Pk,sxk,s

NS
H _
> WEp(s AR ke )\ Pe v ey

s’=1,s"#i

K N_\'
YD W (s ) F s e L) Pry 0

I=1,1#k s”=1

+WEI (5, )WE T g (33)

where yi s is the element (k — )Ny + s of y in (31).
The first term in (33) is our desired signal, the second
term is intersymbol interference and the third term is
inter-user interference. The last term is the noise.

We define H;, as

H, = [\/ﬁZHkl...\/ﬂHkM].

where Bi; is a real-valued nonnegative number which
represents the large-scale fading effect between the
RAU at kth MS and jth RAU at the transmitter. Note
that subchannel matrix Hy; is defined as (5).

By modifying Algorithm 1 in [18], a two-stage hybrid
beamforming is being used here to eliminate the inter-
user interference. This approach maximizes the sum-
rate of the communication system based on the two-
stage approach in massive MIMO with double the least
number of RF chains (the least number of RF chains
is equal to the number of streams to be transmitted),
i.e., NRF' = 2KN; and NRF = 2N;. The details of the
beamforming can be found in Appendix A.

Based on (33) and by using the optimum precoders
and combiners, the system input-output relation at the
mth time instant for the kth user can be written as

m m ~m
yk,s = ka,sO-k,sxk,s + nk,s

- H H .
where 7’ = WkBB(s,:)WkRFnkm and oy s is the sth

diagonal element of ¥, where ¥ is calculated by using
the SVD of the matrix Hy (ot

(34)

(35)

H H _ - -
Hy o = WX s WX g Hi FrieFpp = Up 5 VI (36)

V. DIVERSITY GAIN AND PEP ANALYSIS FOR
MULTI-USER SCENARIO

In this section, we investigate using BICMB for a
multi-user scenario to increase the diversity gain while
transmitting more than one data stream per user through
the channel.

The inter-user interference was eliminated in Section
IV by using a hybrid beamforming method for multiple
users. After beamforming, the pairwise error probability
(PEP) can be used in a similar way to [29] to find the
upper bound for the error probability. Since this work
is only concerned with high SNR regimes, we assume
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uniform power allocation for matrix P. The change in
achievable information rate in this case is negligible. By
this assumption, without loss of generality, we assume
P=1Ign,.

Theorem 2. When N, and N, are sufficiently large, the
downlink transmission in a massive MIMO multi-user
system can achieve a diversity gain for each user equal
to

37

fork=1,...,K

Proof. The proof is similar to Theorem 1 in Section
III. The argument in (12)-(19) remains the same with
yks replacmg Yk.s» Ok,s replacing o, X" replacing

ks, and X replacmg x’" Let us define

L;
2 2
O = Z Oks = ||Hk,1otal||F

s=1

=tr (TTH) =tr (ikig) =

N, M
o > ujtr (Ak,Ag.)
r =
M L,
-5 BN Bl (38)

j=1 s=1

where T = Wk Wki HFrrFpp, T is defined
in (36), and Hi; = AgjAg;B;. is the SVD of
the matrix Hy;. Note that due to the similarity be-
tween the hybrid beamformer matrices at the trans-
mitter and the receiver, same design algorithms are
applicable to both sides. Therefore, as mentioned
in [18], [39], by choosing the optimum precoders,

H
(Vi) FRFRFRTER VN = Ly, for k=
1,....K, where Hy = UL V{7 is the SVD of the
channel matrix Hy. Same procedure can be applied to
the combiner part.

Theorem 3 in [13] implies that the singular values

of Hg; converge to /’\’Lrgt ‘a]lq.‘ in descending order

when the number of antennas at the transmitter and the
receiver tends to infinity. This latter assumption can be
relaxed by a large number of antennas in each RAU,
similar to the case for all massive MIMO research.

By using the singular values of Hyg;, (38) can be
rewritten as

2Mﬁkj 1P
O = N; ZEZ|%| . (39)
J

It can be seen easily that W;; in (39) has Gamma
distribution with shape kx; = Li; and scale 6;; =

2Bk L ;, ie, W ~ G(Lkj,2Pk; kl) [35]. One can
use the Welch-Satterthwaite equatlon to calculate an
approximation to the degrees of freedom of ®; (i.e.,
shape and scale of the Gamma distribution) which is a
linear combination of the independent random variables
Wi (36, p.4.1-1], [37]

2 2
(Zj ijKkj) (Zjﬂkj)
k= > T (40)
Zi,j Qinkj Z ﬁkjL
Y0k X BLLe
9k= J VkjorI _ J Fkj kj' (4])
2 Okjkeg 2B

By following (24)-(27) with ®; replacing ©, 0
replacing 6, and ki replacing k, we have

1 i A dﬁeeammw, DNsN:
ke 2 4L, ’

(42)

The SNR component has a power of —«; for all sum-
mations. Hence, BICMB achieves full diversity order of

2
(Z j ﬁkj)
Gak=ki=g—7 (43)
Z] ﬂk} ij
which is independent of the number of spatial streams
transmitted.

Remark 3. Theorem 2 implies that each MS’s diversity
gain is different than that of the other user and depends
on the number of propagation paths and the large scale
fading coefficient for each user. It can be seen easily
that the diversity gain is independent of the number of
users.

Remark 4. Under the case where N; and N, are suffi-
ciently large and assuming that Ly; = L and Bi; = 8
for any k and j, it can be seen easily that the distributed
massive MIMO system can achieve a diversity gain

Gax =ML (44)

which is independent of the number of users. Similar
to the single-user scenario, the diversity gain for each
user can be compared to (28) in [19] where no coding
is used. Without coding, the diversity gain would be
Gy = ML — N + 1. In our work, the diversity gain is
independent of the number of transmitted data streams
and equals to (28) in [19] when N; = 1, i.e., the
maximum value for the diversity gain. One can easily
see that by using BICMB, the effect of the number of
data streams is omitted from the diversity gain, which
allows us to transmit the maximum number of data
streams, while maintaining the same diversity gain.
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VI. SENSITIVITY TO CHANNEL ESTIMATION ERROR

Obtaining perfect CSI at the transmitter and the
receiver side in practice is not feasible. Therefore we
consider the effect of imperfect CSI on the diversity
gain for both single-user and multi-user scenarios. The
channel matrix obtained in (4) can be used to model the
imperfect CSI channel matrix as [40]-[42]

H=7nH+1-7E (45)

where 0 < n < 1 shows the accuracy of the channel
estimation and E ~ CN(0,I) is the error matrix. The
rank of H is L, < min(M;N;, M, N,). Also, we denote
r = rank(H) = min(M; N;, M, N,). One can approximate
H by a low-rank matrix H; based on the theory of
principal component analysis [43], [44]. By writing the
vector forms of the SVD for both matrices, where H =
Zf:l /liuivfl and Hy = le /liuile, we can see that
they have the same principal components, where A; is ith
singular value such that 1; > A, > --- > 4,, and u; and
v; are the left and right singular vectors corresponding
to 4;, respectively. By comparing H and nH, one can
see they have the same principal components. Again, we
can approximate nH with the low rank approximation
matrix Hz, with rank L, of H.

As it can be seen in (7) for the single-user scenario
and (46)-(48) in Appendix A, for multi-user scenario,
SVD of the channel matrix is the core of the beamform-
ing and by having a good approximation of the principal
components of the channel matrix, beamforming error
can be minimized. Therefore, since the principal com-
ponents for the approximation H;, are the same as H,
we expect to get the same results for the diversity gain,
with slightly different BER. The simulation results are
available Section VII.

The approximation of H;, becomes more accurate
when the coefficient 7 increases and gets closer to
one. Also, when the value of n remains constant, one
can increase the number of antennas or the number of
RAUESs at the transmitter and the receiver to increase the
accuracy of approximation between nH and Hy,.

VII. SIMULATION RESULTS
A. Single-User Scenario

In the simulations, the industry standard 64-state 1/2-
rate (133,171) dgee = 10 convolutional code is used.
For BICMB, we separate the coded bits into different
substreams of data and a random interleaver is used
to interleave the bits in each substream. We assume
that the number of RF chains in the receiver and trans-
mitter are twice the number of data streams [12] (i.e.,
NtRF = N,RF = 2Nj) and each scale fading coefficient §;;
equals 8 = —20 dB (except for Fig. 7). For the sake of
simplicity, only ULA array configuration with d = 0.5

102 T T

—0— Case | (M=5, M =2, L=3)

— A Case l (M=2,M, =2, L=3)

Singular value

107°
0 5 10 15 20 25 30 35 a0
Number of singular values

Fig. 3. Singular values of the sparse mm-Wave channel with N; =
100 and N, = 50.

)

10% —+— 1st subchannel
—A— 3rd subchannel
—&— 6th subchannel

10 L I I I I
SNR

Fig. 4. BER with respect to SNR with N; = 100, N, =50, M; =2,
M, =2 and L =2 for Ng = 6.

is considered at RAUs. For Fig. 4-6, Binary Phase Shift
Keying (BPSK) modulation is employed for each data
stream. For Fig. 7, information bits are mapped onto
16 quadrature amplitude modulation (QAM) symbols
in each subchannel.

Two different cases are simulated in Fig. 3. In Case I,
the rank of the channel is rank(H) = M;M, L = 30. For
the first scenario, which is shown with circle markers,
N; = 2N, = 100, while in the second scenario shown
with triangle markers, Ny = 2N,. = 400. It can be seen
from Fig. 3 that that the number of singular values of
the mm-Wave channel is independent of the number
of antennas at the transmitter and the receiver side.
Same result can be seen with Case II. Hence, there
are only limited subchannels which can be used to
transmit the data. The number of available subchannels
L, = Zf‘;’i Z}.Ai’l L;; which is the rank of the channel H
and is independent of the number of antennas in RAUs
in the transmitter and the receiver side.
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Fig. 5. BER with respect to SNR with N; = 100, N,- =50, M; =3,
M, =1 and L = 2 for different values of Nj.
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BER

5
SNR

Fig. 6. BER with respect to SNR with N; = 100, N, = 50 and
N =3.

Fig. 4 illustrates the importance of the interleaver de-
sign. A random interleaver is used such that consecutive
coded bits are transmitted over the same subchannel.
Consequently, an error on the trellis occurs over paths
that are spanned by the worst channel and the diversity
order of coded multiple beamforming approaches to
that of uncoded multiple beamforming with uniform
power allocation. In other words, the BER performance
decreases when the interleaving design criteria are not
met.

On the other hand, as we expect from (29), chang-
ing the number of streams N, should not change the
diversity gain, i.e., the slope of the BER curve in high
SNR. As it can be seen from Fig. 5, the slope does
not change by changing the number of data streams.
Hence, one can get the same diversity gain by using
the maximum number of data streams available (L;).

Fig. 6 illustrates the results for BICMB for both

- — — Casel
— — Casell

—6— Casellll | |
—+—Case IV

BER
3
T

0 5 10 15 20 25 30
SNR

Fig. 7. BER with respect to SNR with N; = 100, N, = 50 and
Ns =1.

co-located and distributed mm-Wave massive MIMO
systems. The diversity gain for the distributed system
outperforms the co-located system, even though the
channel in the co-located system has richer scattering
(the number of propagation paths in the co-located
system is twice as the distributed system). Also, as
it can be seen from the figure, the curves for the
distributed systems are parallel to each other, especially
for the high-SNR region, which can be confirmed by
(29). Note, for distributed systems, when B;; = g,
2x2x2=(2x2)%/(67"+271+37 1+ 171) as in (29).

Fig. 7 illustrates the effect of the large scale fading
coefficient on the diversity gain. Despite other simula-
tions, we consider inhomogeneous large scale fading
coefficients. When M, = M, = 2, L = L = 2,
N; = 2N, = 100, and N, = 1, three different cases are
simulated. Let B = [,Bl-j] where B;; expressed in dB, as
the large scale fading coefficient matrix. We used the
following B in the simulations:

-20 -20 -25 =25

Bi = [—20 —20] B = [—25 —25]’
P

As it can be seen from Fig. 7, when the system is
homogeneous, the diversity gain remains the same. Case
I and Case II have the same slope in high SNR, which
is expected because the value of B is constant in both
cases. In Case III, when the system is inhomogeneous,
the diversity gain decreases. By using (29), one can
easily see that Case III has approximately the same
diversity gain as a system with M, = M, = 1 and
L = 4, ie., G4 = 4, which is depicted in Case IV
for comparison.
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Fig. 8. BER with respect to SNR for two cases with different number
of antennas in each RAU. M =2, K =2, Ny =3

B. Multi-User Scenario

The assumptions remain the same in these simula-
tions unless otherwise stated. We assume that each scale
fading coefficient S equals to § = —20 dB (except for
Fig. 11). In the simulations, information bits are mapped
onto 16-QAM symbols in each subchannel.

Fig. 8 illustrates BER with respect to SNR for three
different cases. In each case, two different MSs are
being served by the BS. The BS transmits three data
streams to each MS. For the first MS, the number of
propagation paths L in each case is L = 3, while for
the second MS L = 9 for all subchannels. By comparing
Case I with N, = 256 and Case II with N; = 128 where
circle markers represent Case I and triangle markers
are for Case II, one can easily see that doubling the
number of antennas at the BS has no effect on the slope
of the BER, i.e., the diversity gain in high SNR. This
confirms (43) where the diversity gain is independent
of the number of antennas at the BS. The independence
of (43) from the number of antennas at the MS side
can be seen by comparing Case III with Case I, where
both of them have the same number of antennas at
the transmitter, but in Case III, the number of antenna
elements at the MS side is twice as Case 1. Note that
the markers of BER of the users in Case III are a cross
sign (X).

Similar to Fig. 8, the BS serves two different MSs in
two cases in Fig. 9. In Case I, each MS only receives
one data stream, while in Case II, each MS receives
three data streams. When there is no BICMB, one can
get the maximum diversity gain by only sending one
data stream through the channel. This can be used as
a benchmark to compare the diversity gain when the
number of data streams increases. It can be seen that
with BICMB by sending more data streams through the
channel, the slope of the BER curve does not change

107 |—e— Casel:MSt:N~1, L9 ]
= Q~~ Case I: MS2: Ng=1,L=3
8L e Case Il: MS1: Ns=3‘ L=9 ]
10 — A Case Il: MS2: N_=3, L=3
10—9 L L L L Il L
-10 5 0 5 10 15 20 25

Fig. 9. BER with respect to SNR for two cases with different number
of data streams sent through the channel. M =2, K =2, N; = 256,
and N, = 64

I
0 5 10 15 20 25 30
SNR

Fig. 10. BER with respect to SNR when the number of user increases
from two to three when each user receives three data streams. L =
[111] means that the number of propagation paths to the user from
the first RAU is /; and same for the /, and the second RAU. M =2,
K =3, Ny =256, and N, = 64

in high SNR. Hence, one can get the same diversity
gain by transmitting maximum number of data streams
through the channel. This maximum value is the rank
of the channel.

Comparing Fig. 8 or Fig. 9 with Fig. 10 shows that
by increasing the number of MSs in the system, the
diversity gain does not change. Also, one can check
(43) for the second and the third user to see that they
have both the same diversity gain.

It is expected from (43) that the diversity gain is
independent of the large-scale fading coefficient Sy
when it is constant, i.e., Bx; = B. Fig. 11 illustrates
two different cases. In the first case with two users,
Bri = B = =20 dB. In the second case with three
users, the value of S decreases to 8 = —25 dB for
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Fig. 11. BER with respect to SNR with different large-scale fading
coefficient 8. M =2, K =2, Ny =256, and N, = 64

the first two users. Unlike the first two users in Case
II, the values of By, for the third user are not the
same for different subchannels. In both cases, we are
transmitting three different data streams for each user.
As we expect, the diversity gain remains the same when
the large-scale fading coefficient remains constant for all
subchannels. This can be concluded by comparing the
first two users in each case. For the third user in Case II,
based on (43), we expect to see different diversity gain
value. By calculating the diversity gain for this user,
we get Gy = % ~ 3. One can see that when
the large scale fading coefficient is small enough, the
subchannel corresponding to this coefficient does not
help the diversity gain.

To demonstrate the effect of the channel estimation
error for the diversity gain, the BER for various levels
of channel estimation errors are presented in Fig. 12
and Fig. 13. Fig. 12 shows that by increasing the
value of channel accuracy, i.e., n to one, the BER
performance gets better, however the diversity gain
remains the same. Likewise, in the multi-user scenario
in Fig. 13, increasing n leads to a better performance
of BER, yet to the same diversity gain when all other
parameters remain constant. Furthermore, in the case
of the same channel accuracy, increasing the number
of antennas at the transmitter and the receiver in both
scenarios increases the performance of BER. This is
shown in both figures with black curves. In high SNR,
the slope of the BER remains the same, which means the
diversity gain does not change by changing the number
of antennas in the system. Also, as it can be seen from
both Fig. 12 and Fig. 13, after decreasing the value
of n, the performance of the system degrades, i.e., the
diversity gain does not remain the same. It can be seen
from the simulation results that at = 0.85, the diversity

105k —&— Perfect CSI (51=1), (N, N,)=(100,50) 1 '\‘ \ i
—— Imperfect CS| (1=0.75), (N,, N,)=(100,50) \
—e— Imperfect CSI (1=0.85), (N,, N)=(100,50) \

105k — A - Imperfect CSI (4=0.95), (N,, N,)=(100,50) A |
— +— - Imperfect CSI (7=0.95), (N“ Nr):(50,50)
— O~ Imperfect CSI (5=0.95), (N,, N,)=(100,75)

107 | | | | |

-5 0 5 10 15 20 25
SNR
Fig. 12. BER with respect to SNR for different values of the

channel estimation error coefficient (177) and number of antenna at
the transmitter and the receiver for the single-user scenario. Ny = 2,
M; =3, M, =1and L =2

e Perfect CSI (7=1), (N,.N,}=(256.64)
—A— Imperfect CSI (51=0.75), (N, N,)=(256,64) .
—A— Imperfect CSI (1=0.85), (N,,N,)=(256,64) A v
— A - Imperfect CSI (51=0.95), (N,.N,)=(256,64)
— =4 - Imperfect Sl (=0.95), (N,.N,)=(128,64)
— O - Imperfect CS (7=0.95), (N,.N,)=(64,64)

10°% I I I
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Fig. 13. BER with respect to SNR for one user for different values
of the channel estimation error coefficient (17) and number of antenna
at the transmitter and the receiver for MS1 in the multi-user scenario.
Ng=3,K=3, M=2,and L =[33]

gain does not stay the same. The beamforming matrices
which are calculated with SVD for single-user scenario
and Appendix A for multi-user scenario are affected by
the value of . When the value of 7 is not sufficiently
close to one, these matrices are not accurate anymore,
therefore the diversity gain is not what we expect from
Theorem 1 for single-user scenario and Theorem 2 for
multi-user scenario.

One can compare the BICMB results with BICMB-
PC [30] in a mm-Wave massive MIMO system. The
comparison for different values of M,, M;, and L;; for
the single-user scenario can be found in Fig. 14. Note
that in BICMB-PC, M, = M; = D and N; = D. For
the sake of comparison, for BICMB simulation results,
Ng = D as well. The curves with no markers are for

0090-6778 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Authorized licensed use limited to: Access paid by The UC Irvine Libraries. Downloaded on July 07,2020 at 05:13:00 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2020.3007515, IEEE

Transactions on Communications

BER

7z

—-—- BICMB with D=2, L-2
— -~ BICMB-PC with D=2, L=[6 2;1 3]
— A - BICMB-PC with D=2, L=2
BICMB with D=3, L-2

7L
10 —6— BICMB-PC with D=3, L:

—4A— BICMB-PC with D=3, L

[623163:221]
2

0 5 10 15 20 25
SNR

Fig. 14. BER with respect to SNR for different coding methods.
Ny = 128 and N, = 64. Here we define L = [Ly; Li;Ly; Ly],
L = [Lyy L1z Lia; Loy Ly Lo3; L3y L3z Laz], and L = L as the
number of multipath channels for different paths. When L = L, all
elements in L are the same and equal to L.

BICMB simulations and the curves with markers are
the simulation results for BICMB-PC. One can use (29)
to calculate the diversity gain for BICMB curves. For
example, BICMB curve with M, = M; = D = 2 and
L =2 has a diversity gain of G4 = 2x2x2 = 8. We can
use the same calculation found in [30] to calculate the
diversity gain for BICMB-PC. By doing so, the diversity
gain for dashed line curve with triangle markers is G4 =
2x2x?2 =8 and for the dashed line curve with circle
markers is Gg = 2x2)2/(67' +27 1 +37 1+ 171) = 8.
As it can be seen from these calculations and from Fig.
14, the diversity gain in high SNR for both coding are
the same. Same can be applied for the solid line curves
where M, = M, = D = 3.

VIII. CONCLUSION

In this paper, we analyzed BICMB in mm-Wave
massive MIMO systems for both single-user and multi-
user scenarios. BICMB achieves full spatial diversity

2
of % over M; RAU transmitters and M, RAU
receivers in the single-user scenario. This means, by
increasing the number of RAUs in the distributed system
with BICMB, one can increase the diversity gain and the
multiplexing gain. As it can be seen from the diversity
gain formula for the single-user system, the value of
diversity gain is independent of the number of antennas
in each RAU for the transmitter and the receiver. A
special case of the diversity gain where L;; = L and
Bij = B would be M,M;L which is similar to the
diversity gain of a convential MIMO system. In a multi-
user system, BICMB achieves full spatial diversity of

# over M RAU transmitter for the kth user. This
J Zkj

means one can increase the diversity gain for all users in

such a system by increasing the number of RAUs at the
transmitter side. Another result is that the diversity gain
is independent of the number antennas in the transmitter
and the receiver side. In a special case when Li; = L,
the diversity gain is ML which looks like the single-
user scenario in [29] when M, =1 and M, = M. The
sensitivity to channel estimation error is also studied and
we showed that the diversity gain remains the same for
cases where 7, i.e., the channel estimation accuracy, is
close to one.
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APPENDIX A
HYBRID BEAMFORMING FOR MULTI-USER MASSIVE
MIMO SYSTEMS

In this appendix, the hybrid block diagonalization
beamforming for multi-user scenario is summarized
based on [18]. First, by using (34) and SVD one can
define

H; = U VY (46)

t
and

1
VN,

Hcomp = Ucompzcompvgmp 47

where

Heomp = WH:H =diag (W, Wh, ", Wh,")
H,
=|: (48)
Hg

By using these definitions here and the material in Sec-
tion II, a closed-form solution for hybrid beamforming
can be derived as Algorithm 1. Here, the number of RF
chains is double the least number of RF chains, i.e.,
NrRF = 2N, and N,RF = 2KN;. After calculating the
beamforming matrices by Algorithm 1, (23) in [18] is
used to transform the scheme to the constrained case
mentioned earlier.
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Algorithm 1 Hybrid Block Diagonalization Beamform-

ing for multi-user Scenario

Input: H

for k =1t K do

Calculate W{;F =
defined as (46)

Ue(:, 1 Mys) where Ug is

end

compute Wgp based on (48)
By using (47), compute Frr = Veomp(:, 1 : NRF)
for k =1 to K do

Calculate the baseband channel for the kth user as

‘ (32)

end

Compute Fgg and Wggp by using the scheme described
in Section IV in [18], then normalize each column of
Fgp as Fgp(;,i) = %

Output: Frg, Fgg, Wre*,(WSp )k-1.x
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