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Abstract— The number of wireless devices connected to
the cellular wireless network is anticipated to increase heavily
in the next few years, eventually reaching tens of billions. Thus,
there is a need for a new cellular wireless network, which is able
to handle tens of billions of wireless devices. This phenomenon
has an associated effect in terms of a huge increase in traffic. A
number of means is under investigation to respond to that need.
Among several alternatives, the category of massive multiple
input multiple output (MIMO) systems is a great candidate
for this purpose. Because of the large number of antennas in
massive MIMO, there is a need to reduce the dimension of
the MIMO channel effectively to decrease the complexity by
considering the sparsity in the channel in terms of angle of
arrival and delay, as introduced by the technique of Joint Spatial
Division and Multiplexing. This can be achieved effectively by
using a particular statistical pre-beamforming technique intro-
duced recently. In this paper, different adaptive algorithms for
estimating the channel vector coefficient and their performance,
based on this recent pre-beamforming technique, are studied.
Different approaches are used in order to find the best algorithm
based on the channel estimation accuracy and the complexity of
the algorithm. As a byproduct, with the help of the provided
analysis, in single-carrier time-varying massive MIMO channels,
the optimal number of RF chains (required spatial dimensions)
can be determined in hybrid beamforming in terms of the
achievable information rate by taking the estimation accuracy
of different adaptive acquisition algorithms into account.

I. INTRODUCTION

By using the two-stage beamforming concept, one can re-
duce the dimension of the MIMO channel effectively while at
the same time enabling the massive MIMO gains [1]. The con-
cept is also known as Joint Spatial Division and Multiplexing
(JSDM) [2], [3]. Reference [4] applied this technique to both
downlink and uplink transmission in Time Division Duplex
(TDD) by considering the channel estimation accuracy. It uses
user-grouping which partitions the users in a cell supported by
a base station (BS) into different groups with approximately
the same channel covariance eigenspaces. By using a spatial
pre-beamformer, one can decompose the MIMO beamformer
at the BS into two steps. The pre-beamformer distinguishes
the intra-group signals from the other groups by suppressing
the inter-group interference, while simultaneously reducing the
signal dimension. The pre-beamformer is designed based only
on the long-term parameters.

The main contributions of this paper are summarized as
follows. First a model for channel state update is proposed
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based on a general framework on reduced dimensional channel
state information (CSI) estimation [4], [S]. According to the
new model for channel coefficient vector update, three differ-
ent methods from adaptive signal processing are introduced
for estimating the channel in a reduced dimension. Analytical
techniques are developed to calculate transient Mean Squared
Error (MSE) and the capacity of the adaptive systems. The
methods are compared on the basis of complexity, MSE, and
capacity, determining the required reduction in dimensionality.

II. SYSTEM MODEL

We consider a massive MIMO system in which an N-
antenna BS communicates with K single-antenna User Ter-
minals (UTs), operating at millimeter-wave (mm-wave) bands
in the Time Division Multiplex (TDD) mode employing Single
Carrier (SC) modulation. Users are categorized into G different
groups, where K, is the number of users in group g. These
users have statistically independent but identically distributed
(i.i.d.) channels [2]-[4], and transmit training sequences with
length T at the beginning of every coherent interval.

We assume a linear modulation (e.g., QAM or PSK) and
transmission over a frequency selective channel for all UTs
with a slow evolution in time relative to the signaling interval
(symbol duration). Assuming these conditions, the baseband
equivalent received signal samples, taken at symbol rate after
pulse matched filtering, are expressed as [4], [5]
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forn=0,..,T — 1, where {x,(,gk) t—Lg+1<n<T-1} are
the training symbols for the k’" user in group g and h;glk) is
the N x 1 time-varying multi-path channel vector, namely, the
array impulse response of the serving BS stemming from the
1" multi-path component (MPC) of k*" user in group g. Also,
Q, is the set of all UTs belonging to group g with cardinality
|Qq| = Kg, Lg is the channel memory of group g multi-path
channels, and {gx }f:gl are UT indices that form Q,. We select
the training symbols from a signal constellation S € C and



E{lx(gk)l } is set to E for all gg [4], [5]. In (1), n,, are the
additive white Gaussian noise (AWGN) vectors during uplink
pilot segment with spatially i.i.d. as CN(0, NpIy), and Ny is
the value of the noise power spectral density.

The first term of (1) is the transmitted signal of the intended
group g, which is labeled as the intra-group signal of group
g users. The second term, nﬁlg), is labeled as the inter-group
interference, and includes all of the interfering signals, which
stem from all inner or outer cell users belonging to different
groups other than g. Finally, the average received SNR can be
defined as SNR 2 % We assume users come in groups, either
by nature or by the application of the proper user grouping
algorithms in [3], [6], which are out of scope of this work.

The training vector (or convolution vector), comprising of
the transmitted pilots for the kth user in grou])) g at the nth sig-
naling interval is defined as x( X e X _1]1-1
Then, the complete training vector that consists of the trammg
data of all users in group g at the nth signaling interval is given
by

N S H) NS
The pre-beamformlng is apphed in order to distinguish intra-
group signal of group g users from other groups by suppress-
ing the inter-group interference. At the pre-beamforming stage
as shown in [4], [5], a D-dimensional vector yﬁ,g) can be found

for all groups by a linear transformation through (S(Dg))H on
(1) as
(8 =(‘P(g))Hh(g) (S(g))H (8) 3)

where P& 2 x8) g S%’), h® is the extended channel vector
(including all the related channel parameters of users in group
¢ to be estimated simultaneously), and £ 2 (S(g))H &) 4
defined as residual interference after pre-beamforming. Here
S%) is an N X D statistical pre-beamforming matrix that
projects the N-dimensional received signal samples in {y,}
in (1) on a proper D-dimensional subspace. Therefore, S(bg
can be visualized as the analog beamforming stage in Hybrid
Beamforming Framework [4], [5]. In this paper, the optimized
pre-beamformer S%’) given in [5] is used for better interference
suppression by taking the spatially correlated interference into
account.

We assume that the channel is block-fading and that the
channel remains stationary during the /th block. The channel
temporal variation across the blocks is modeled using a state-
space framework as a first-order stationary Gauss-Markov
process [7] with

h¥ = Vah'®, + VI —ab® @

where @ € (0,1] is the temporal fading coefficient and

bﬁf) ~ CN(0, R;lg)) is the process noise. The channel spatial
correlation is given by

Ry® = E(hE(E)} = aRy® + (1 - a)Rp®  (5)

where Ry(® is easily calculated as Ry® = E[b®(bE)H] =
R,®. Under Jakes’ model, Va = Jo(2r fpTs) where Jo(.) is
the zero order Bessel function, fp is the Doppler frequency,

and 7Ty is the transmit symbol interval [8]. For transmission
at 2.5 GHz and T; = 500 us, va = 0.9999 corresponds to 3
km/h and va = 0.9975 corresponds to 150 km/h.

Based on these assumptions, we develop algorithms to
estimate the channel with the pre-beamforming technique of
[5]. Then, by analysis, we can find the optimum reduced di-
mensionality D, which can be different for different methods.
The work in [5] has to do with the derivation of a Wiener
filter, while that in [4] and in this paper, adaptive algorithms
have been developed. While [4] discusses a Kalman filtering
approach, in this paper we discuss Least Mean Square (LMS),
Recursive Least Squares (RLS), and Kalman filtering ap-
proaches together with their effects on capacity. Note that all of
these algorithms operate with dimensionality reduction based
on [5] and are therefore different than the conventional forms
of these algorithms. In the remaining sections, the emphasis is
on deriving efficient ways to estimate the channel and then by
using different tools, we will provide the minimum beamspace
dimension (D) required for the dimension reduction in terms
of achievable information rate. As in [4], [5] this dimension
will in general be much smaller than without performing this
reduction.

III. ADAPTIVE ALGORITHMS WITH PRE-BEAMFORMING

We will now consider channel estimation techniques for
multiuser massive MIMO systems and employ the signal mod-
els of Section II. Although the techniques are based on LMS,
RLS, and Kalman filtering, they involve a step for dimension
reduction, and therefore they are not the conventional forms
of these techniques. We call these algorithms reduced rank
(RR) versions of the standard algorithms and abbreviate them
as RR-LMS, RR-RLS, and RR-Kalman filtering in the sequel.

For deriving RR-LMS, RR-RLS, and Kalman algorithms,
the following equations are being used (dropping “(g)”)

B, = (Xn ® ID) (6)
hn,eﬂ = th (7)
ﬁn,eﬂ = Qﬁn (8)

where x,, is defined in (2) and its size is KoLy x 1, Q =
(IKg L, ® Sg), the assigned vectors are the dimension reduced
vectors, i.e., effective channel vectors, and both h,, and h,, are
KoLoN X 1 vectors.

A. RR-LMS Algorithm

The conventional LMS algorithm needs to be altered consid-
ering the subspace reduction. We define J,, as the cost function
which we want to minimize over h,,:

Jo = E{llenl’} = E{|lyn — ¥} h,|1*} ©)
By using the general form of LMS algorithm which is
by, = By — (Vs Jy (10)
one can easily calculate the minimum of cost function by using
two above equations.

Based on (6) and (7) one can rewrite (3) without index (g)



as
Yo = <2 @ SHh, + €, = BZh, 5+ &, (11)
Based on (9), (10) and (11) one can get the RR-LMS algorithm

A A

hn,eﬁ = hn—l,eﬁ' - IUVhH ﬂ.‘]n
= ﬁn—l,gﬁ'
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= hn—l,eff = u(=By)(yn - Bthn—l,qﬁ’)

= hn—l,eff + ﬂBn(Yn - Bthn—l,eﬁ‘)

= hn—l,eff + ,uBnen (12)
where e, = y, — BnH fln_],eff. In step (a), we used the
approximation h, .+ ~ h,_ .y due to double multiplication

on Vyu ﬂJn by u. Note that in this derivation we removed
the expectation operator. This is because of employing the
“stochastic gradient” in deriving the LMS algorithm as in,

e.g., [9].
B. RR-RLS Algorithm

In this section, the RR-RLS estimator is presented. The RR-
RLS algorithm recursively finds the coefficients that minimize
a weighted linear least squares cost function relating to the
input signals. This is in contrast to RR-LMS, that aims to
reduce the mean square error where the mean calculation
is in a statistical sense. Whereas, RR-RLS employs time
averages. The channel estimates are updated recursively upon
receiving new training symbols. The channel estimation prob-
lem corresponds to solving the following least-squares (LS)
optimization problem

n
b, = arg min(z A" Nlyi = B by e (13)
b \izo
The parameter A is a forgetting factor chosen between 0 and
1, and gives exponentially less weight to older error samples.
This problem can be solved by computing the gradient of (13),
equating them to a zero matrix and manipulating the terms,

which yields our solution. We rewrite (13) as
n

o= A0 e
i=0
where
yi = (x? @ SPhHh; + & = ¥Fh; + &

€ =Yyi— Bith,eff~

From now on, we use ﬁn instead of ﬁn,eﬁ' for simplicity.
By computing the gradient we have

n n
Vi dn = Vi (D5 4 Neil?) = Vg (D, " llyi — Bl
i=0 i=0

n
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If we rearrange the above equation

n n
Z A"'B;BIh, = Z By, (14)
i=0 i=0
R,h, =r, (15)
where R, = 37 A" 'B;B}” is the weighted covariance matrix

for B; and r, = 2.7 AB,y; is the equivalent estimate for
the cross-covariance between B; and y;.

Based on this expression we find the coefficients which
minimize the cost function as

h, =R;'r,. (16)
This is a form of the well-known Wiener-Hopf equation while
employing time averages.
1) Recursive Algorithm
In this section we want to derive a recursive solution of the
form
h, = h,-i + Ah, (17)

where Aﬁn_ 1 1s a correction factor at time n — 1. We start the
derivation of the recursive algorithm by expressing the cross
covariance 1, in terms of r,_;

n

n-1
ABy; = Z 7By + °BLy,

I, =
i=0 i=0
= Ar,_1 + B,y,. (18)
Similarly, we express R,, in terms of R,_; by
n n—1
R,= » A"B;BY = Z 1"'B;B! + BB
i=0 i=0
=R, ; +B,BY. (19)

In order to calculate the channel coefficients vector, we are
interested in the inverse of auto-covariance matrix. The matrix
inversion lemma comes in handy for this task [9]

R,'=1"'R;]
-
-AI'R!'B, (ID + Brl;l/l_lR;]—an) BYATR!

To come in line with the standard literature, we define

PR, =2"'P,, -K,Bf17'P, , (20)
where the gain matrix K,, is
-1
K, = 1"'P,_B, (ID + BnH/l‘an_an)
-1
-P, B, (/lID + BnHPn_]B,,) . Q1)

Before we move on, it is necessary to bring K,, into another
form

K, (Ip + 1"'BY'P, B, ) = 1"'P, B,
K, + 1 'K,B?P, B, = 1"'P,_|B,
Subtracting the second term on the left hand side yields
K, =1 (Pn_l ~K,B P,,_l) B,. (22)
With the recursive definition of P,, the desired form follows
K, =P,B,. (23)



Now we are ready to complete the recursion. As discussed,

by, = Pury = Py(ar,-1 +Bpyn) = APuly-t + PyByy,. (24)
The second step follows from the recursive definition of r,
in (18). Next we incorporate the recursive definition of P, in
(20) together with the alternate form of K,, and get

A

f, = A (ﬂ‘an_l - /l‘lK,,BnHPn_l) oot + Knyn
=Py ry 1 - KanHPn—lrn—l + Kuyn
=P, r,.1 +K, (Yn - ByI;]Pn—lrn—l) .

With (22), we arrive at the update equation

A

ﬁn = l’in—l +K, <Yn - Byl;lﬁn—l) =h,1 +K,o, (25)

where o, =y, — Bf ﬁn_l is the a priori error. That means we
found the correction factor

Al’in—l =K,a, (26)

This intuitively satisfying result indicates that the correction
factor is directly proportional to both the error and the gain
vector, which controls how much sensitivity is desired, through
the forgetting factor 4. When the channel is static over the
transmission duration, it is logical to set the forgetting factor
A to one. On the other hand, when the channel is time-varying,
in order to track the channel variations one needs to set A to
a value that corresponds to the coherence time of the channel.
By using the above equations, the recursive algorithm for
this application can be summarized as
Initialization

ﬁoyeﬁf =0 and Py= (57]ID

where Ip is the identity matrix of rank D and ¢ is a small
positive number.

Computation
Forn=1,23...
Yn=¥,/hy, + &,
B, =(x, ®1Ip)

en=Yn— Bl hy 1op

S, = Alp +BfP, B,

F, =P,1B,

K, =F,S!

P,=1"P, - A7'K,F¥

e = Rt o + Kney.
where we reinserted the subscript eff into the equations.
C. RR-Kalman Filtering

By using (4) one can write the RR-Kalman filter model,
using the standard derivation as follows [4]

Initialization
hoj-1 =0 and Py_; =Ry (27)
Prediction
b1 =V (28)
Pyjno1 =aP,_ 1o + (1 —a)Ry (29)

Update
zZp = Yn — ¥y (30)
Sn = ¥P,,1¥, + SHR,Sp (31)
K, =Py 8,8, (32)
b = Bt + Kz, (33)
P, = 1- K, ¥ )P, (34)

where W/ = (x! ® S}1) and x,, is defined in (2). Note that
presence of ¥, is the reason for reduction in dimensionality.
This makes this algorithm different than conventional Kalman
filtering.

D. Transient MSE Analysis for General Adaptive Methods

Channel estimation update rule can be given in the following
form

ﬁn = Anﬁn—l + WnYn
Yn = ‘l’thn + €n~

Here, ﬁn is the channel estimation vector at nth update interval
for the effective channel h,,, and the covariance of £ is defined
as Re 2 SHR, Sp.

Define

E, & — E[(h, - by - )] = ——E[v,v/"]

KLC KLC
where v, = ﬁn —h, and for RR-Kalman filtering, h is the full
dimensional channel vector, C = N; for both RR-RLS and RR-
LMS algorithms, h is the effective channel vector, and C = D.
One can compute (35) by adopting the channel model in (4)
and defining

(35)

13

R;(n) = E [h,h/]
Ry, 2 E [hh"] (given in (5))
P(n) = Py, (n) = E [h,hY].
It can be shown that

E,

>

(Ry(m) + Ry — (P(n) + P (n))).  (36)

1
" KLC
E. Algorithm Complexity

It can be seen from Table I that, the complexity orders of
three algorithms depend on the beamspace dimension (D), the
number of antennas in the BS (N), and the number of iterations
(n). The complexity orders of both RR-LMS and RR-RLS
algorithms depend only on D and n.

TABLE I
ALGORITHM COMPLEXITY
RR-LMS | RR-RLS RR-Kalman
O0(nD?) | o(nD?) | O(nNZ?D + nND? + nD?)

IV. NUMERICAL RESULTS AND DISCUSSION

Based on the system model in Section II, we provide
numerical results to evaluate the performance of the three
adaptive filtering methods discussed in Section III-D. In the
preparation of the results reported below, the following pa-
rameter settings were used. We consider a massive MIMO
system in TDD mode with one BS and K users where each
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Fig. 1. MSE for different methods of estimating the channel coefficient vector,
RR-LMS algorithm, RR-RLS algorithm and RR-Kalman filtering based on
theory, i.e., the trace of (36), and Monte-Carlo simulations, i.e., MSEs of (37)
and (38) with respect to time (va = 0.9999, D = 8).

user has a single receive antenna. By using the uplink training,
we try to estimate the channel coefficient vector. Also, the BS
is equipped with a uniform linear array (ULA) of N = 100
antenna elements along the y-axis. For grouping the users,
they were clustered into eight different groups (G = 8). The
location of each UT is at a specific azimuth angle 6 along the
ring centered at the origin in the x — y plane. For grouping
users one can use the proper user grouping algorithms in [3],
[6]. In this work, we assume that users come in groups. User
grouping has already been achieved by using such a method
in JSDM framework.

In the simulations, we assume that each of the 8 groups
has 3 MPCs, ie., Ls, = 3. We only focus on the group
g, which have two users being served simultaneously, i.e.,
K, = 2. Other 7 groups consists of 3 users, ie., Ky = 3,
g’ # g where these users have interference with the intended
group g. Also the first two MPCs of group g stem from an
azimuth angular sector [—1°,1°] for delays at / = 0,1. For
the last MPC at [ = 2 in group g, the angular sector is
[5°,7°] in azimuth. The angular sector for other 7 groups are
given by [-29°,-26°],[-21°,-19°], [-12°,-9°], [-5.5°,-3.5°],
[9.5°,12.5°], [15°,17°],[24°,27°] in azimuth respectively [4],
[5]. Also the noise power is set as Ny = 1 so that all dB
power values are relative to 1 and the input SNR is 30 dB.
The channel covariance matrix of each group can be calculated
via the same ways used in [1], [2]. For calculating the mean
square error (MSE) per dimension, we used

1
enl = mE[VnHVn] (37)
for RR-Kalman filtering and
1
en2 = mE[V,IlJVn] (38)

forn=1,2,..,T, for RR-LMS and RR-RLS algorithms. As can
be seen from Fig. 1, the MSE performance of the RR-Kalman
filtering for both (35) and (37) is the best one compared to
other algorithms. Its convergence speed is the fastest and its
excess MSE is lowest, followed by the RR-LMS and RR-

RLS algorithms, respectively, for both criteria. All algorithms
will reach their final value prior to about 50 iterations, with
RR-Kalman first, followed by RR-RLS, and RR-LMS being
a distant third. Note that, although the three algorithms are
different due to dimensionality reduction, this outcome is
similar to the conventional versions of these algorithms. Fig.
1 is plotted for only one beamspace dimension (D = 8).
By plotting the MSE with respect to beamspace dimension
for each algorithm, where the value of MSE is the average
of the last 50 elements of the error vector, the results for
all three algorithms for different temporal fading coefficient
(@) are in Fig. 2, 3, 4. As it can be seen, by increasing
the beamspace dimension, the final value of the MSE in all
algorithms saturates after some point. The saturation point is
around D = 8 for the RR-Kalman filtering, but for other two
algorithms, this value is greater than 8, and unlike RR-Kalman
filtering, the difference between the final value of MSE after
saturation and the value of MSE for D = 1 is less than 0.1.
To be specific, by increasing the value of @, the saturation
dimension increases. Also, for the time-varying channel at
a = 0.7 to the static channel where @ = 1, it can be seen
that increasing « leads to better performance of the algorithm,
which can be expected. For the RR-RLS algorithm, there is an
optimum value for the forgetting factor (1) for each channel
fading coefficient (a). Also, the RR-RLS algorithm is not
sensitive to 0. On the other hand, for the RR-LMS algorithm,
the optimum value for y is approximately constant for different
values of channel fading coefficient (@) and is around 0.1.

Note that the dimensionalities of h,, and h,, in (37) are the
same, both equal to KLN. But these dimensions are different
in the case of (38), where h,, has dimension KLN, and ﬁn has
dimension KLD. To set the two dimensions the same, we use
the matrix multiplication Qh,, in (3). This method gives good
comparative results for MSE, as shown in Fig. 1. However, for
determining the optimum value of D by using MSE, it does
not. For that reason, we will use a capacity formulation for a
determination of the optimal D.

On the other hand, when the achievable information rate
(AIR) is plotted, a different behavior is observed. As it can
be seen from Fig. 5 by increasing the value of «, i.e., the
channel is more static, as we can see, the algorithms perform
well in order to reach the genie-aided capacity bound. It is
important to note that one can determine the optimal number of
RF chains used in hybrid beamforming (required dimension in
pre-beamforming) (depending on the adopted adaptive channel
estimation technique and channel statistical information) based
on the developed analytical tools.

V. CONCLUSION

In this paper, estimating the channel vector coefficient with
different methods by using the pre-beamforming technique
was investigated in massive MIMO systems. This work is
based on the idea of dividing users in different groups. We
came up with different algorithms to estimate the channel
coefficients. The first algorithm is the RR-LMS algorithm
which avoids matrix inversion. The trade-off for computational
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Fig. 2. MSE for RR-LMS algorithm with respect to beamspace dimension.
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Fig. 3. MSE for RR-RLS algorithm with respect to beamspace dimension.
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Fig. 4. MSE for RR-Kalman filtering with respect to beamspace dimension.

simplicity is in convergence time and performance. The second
algorithm studied is the RR-RLS algorithm. The algorithm is a
recursive method to estimate the channel. The third algorithm
is the RR-Kalman filter. Comparing these three methods based
on MSE and capacity leads to the best performance among
them which is the RR-Kalman filter. The interesting conclu-
sion is that for MSE, the RR-Kalman algorithm performance
saturates around D = §, while RR-LMS and RR-RLS require
a larger D, especially when the channel is more time-varying.
The reason for this is the expansion of noise subspace as the
beamspace dimension (D) increases for RR-LMS and RR-
RLS, since the a priori statistical information of the channel

. _¢ -© -0~ © -0-0-0-
’ o~
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Kalman Filtering (o= 0.9999) i
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Fig. 5. Capacity of different methods of estimating the channel, RR-
RLS algorithm, RR-LMS algorithm and RR-Kalman filtering with respect
to beamspace dimension and for the actual channel for two different temporal
fading coefficients va = 0.9999 and va = 0.9975 with SNR = 20 dB,
interference-to-noise ratio = 30 dB.

after pre-beamforming is not utilized for these two methods.
On the other hand, the capacity results for all three are very
similar and indicate a saturation around D = 8. Considering
the very large complexity advantages, this result indicates
a preference towards simpler algorithms. Another important
point is that while the RR-Kalman algorithm is matched to
the channel model, RR-LMS and RR-RLS do not have this

property.
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