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An Equalizer Design Technique for the
PCM Modem: A New Modem for the
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Abstract—Modems designed for the public switched telephone  Fig. 1(a) shows the three tandemed components of an end-
network (PSTN) have conventionally been based on modeling yser to end-user analog telephone connection through the
assumptions which view the PSTN connection as an essentiaIIyUlS_ domestic PSTN.IN the figure, sections A and C of the

analog medium. However, as the PSTN evolves toward all digital fi fi | twisted pairs (* I bscrib
transport and switching, and particularly as major traffic sources, connection are conventional twisted pairs (“analog subscriber

such as Internet service providers, increasingly have direct digital |00ps” or “analog loops”) which transport trenalog signals
connections to the PSTN, it is appropriate to revisit the model from telephone sets of each user to their associated local

assumptions. Recently, several modem and chipset manufacturerscentral offices. At the central office, the analog signals are
have announced "56K” modems based on an emerging systemqnyerted to 64-kb/s DSO digital data streams by a channel

paradigm in which one user (a residential Internet subscriber) o o . )
has an analog connection to the PSTN, and the other (an Internet unit” filter and codec, which together implement a band-

service provider) has a digital one. ITU-T is expected to finalize limiting filter followed by a nonlinear encoding rule and
details of a corresponding recommendation in 1998. With this subsequent A/D conversion. The resulting DSO streams are
configuration, modem designs based on signaling with th-  transported to their respective destination central offices via
law alphabet become feasible, and the conventional Shannondigital transmission facilities B.

limit disappears as the quantization noise is avoided. Thus, the o id | directi ft ission in Eig. 1
conventional Shannon limit of about 36 kb/s can be beaten, and onsider only one direction of transmission in Fig. 1(a), say,

it is possible to approach the digital transmission rate of 64 kb/s. from user 1 to user 2. At the central office, user 1's loop signal
Modems employing this general approach have become known asis first bandlimited using a filter whose frequency response is
p-law or pulse-code modulation (PCM) modems. In this paper we specified by [1], and is typically as shown in [2]. The band-
present a signaling technique and the sampling theory based on |iiteq analog signal is then sampled at a rate of 8 ksamples/s,

this technique, display the structure and operating principles of . . . .
a PCM modem equalizer, and show how this equalizer problem and then converted into an 8-b digital representation using

can be cast in the language of multinput—multioutput (MIMO) @ nonlinear mapping rule referred to aslaw encoding.
system theory. This encoding is approximately logarithmic and its purpose
Index Terms—56K modem, equalization, multiinput-multi- is to permit relativ_ely large dynamic range voice signals to
output (MIMO) systems, nonuniform sampling, Nyquist De represented with only 8 b/sample. Thdaw rule was
bandwidth limit, PCM modem, Shannon capacity limit, V.90. designed specifically so that the distortion (i.e., quantization
noise) resulting from the mapping of analog voltage samples
into the nearest one of the 25blaw quantization levels is
relatively constant and not perceptually objectionable for voice
O BEGIN, we briefly review the basic elements of endiyransmission.
to-end transmission within the public switched telephone However, users 1 and 2 may choose to use modems to
network (PSTN) and discuss the basic limits to data commgiansmit digital data over the configuration in Fig. 1(a). Using
nication over this channel. We then describe how these limggnventional modems, the users’ digital data is encoded into a
can be mitigated under the new hybrid analog/digital (A/Ddymbol sequence, which is in turn represented as an appropri-
system paradigm, subject to the solution of some challengiggely band-limited analog signal, which can be transmitted over
theoretical and practical problems. We will address solutiofige approximately 3.5-kHz bandwidth available on the end-to-
to these challenges in later sections. end connection. A matching modem at the far end operates
on the received signal and estimates the transmitted symbol

. . N _sequence.
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Fig. 1. Connections through a PSTN. (a) Analog end-to-end connection. (b) Hybrid A/D connection.

Conventional modems do not explicitly take into account theas recognized early on [6]—[8]. A prototype modem using the
A/D conversion ang:-law encoding processes in the telephonBCM approach in an analog- digital configuration was de-
transmission system, and so the analog signals generatedsélpped and demonstrated at Bell Laboratories in 1993. Since
conventional modems suffer the same quantization distortitmat time, modems based on this general approach have come
effects as do voice signals. In fact, when PSTN interntd be known as:-law or PCM modems. A modulation and
transport is all digital, the primary source of symbol estimatioaqualization technique based on this methodology is described
error isp-law quantization noise. The theoretical transmissidn [5], [6], and [8]-[10]. In this paper we build upon this work
rate limit for this channel is traditionally based on modeling thieere to establish general relationships between bandwidth,
guantization noise as additive white Gaussian noise (AWGHKgte, and sampling schedule. We also analyze and present
and then invoking the Shannon capacity formula [3] operating principles for this modem equalizer structure, and

establish some interesting relationships between this problem
C =W logy(1 +SNR) bls @) and multiinput—-multioutput (MIMO) system theory.

for a channel strictly bandlimited 8" Hz and having a signal-

to-noise ratio (SNR). Depending on loop characteristics, which Il. PCM MODEMS OVERVIEW

vary widely, the effective SNR due to quantization noise is The central idea behind the PCM modem is to avoid
typically in the range of 33-39 dB and, assuming a bandwidifl effects of quantization distortion by utilizing thelaw

of approximately 3-3.5 kHz, evaluation of (1) results in §,,antization levels themselves as the channel symbol alphabet.
channel capacity ol ~ 33-45 kb/s._ . In the upstream direction the analog loop is appropriately
The most recent standard conventional modem design bagedjized at the transmitting modem and the transmit timing
on these assumptions is the ITU-T Standard V.34, which cllyecisely adjusted so that the analog voltage sampled by the
achieve 28.8 kb/s over an appreciable fraction of the U.S. sylyyec passes through the desired quantization levels precisely
scriber loop ensemble. With some additional techniques, s jis g kHz sampling instants. The desired result is that the
can be increased to about 3_3"6_kb/5 on very good_ connectiqSers transmitted symbol sequence is explicitly transported
. In_ _the absenqe of quantization noise, assuming no Otl}ﬁrross the network in digital form. In the downstream direction
significant impairments are present, and if the channel yg, o erse occurs—the loop is equalized at the receiver and
strictly bandlllmlted, the highest transmlss[on rate for thﬁ]e receiver sample timing is adjusted so as to again result
system of Fig. 1(a) would no longer be imposed by thg \gage samples that are just those quantization levels
Shannon limit but by the combination of Nyquist bandw'dtﬂnpressed by the codec.

limitation and the _8'b resol_ution of pulse-code modulation However, the accomplishment of this task for the end-to-end
(PCM) yi-law encoding. Nyquist theory [4] allows that at mOStq g ration of Fig. 1(a) is difficult, and perhaps impossible,
2W independent symbols/s can be transmitted over a changgh, avily because of the presence of two tandemed codecs and

strictly bandlimited tol” Hz. Since each sample is quantize¢e ahsence of any side information from within the network
to 8 b, the Nyquist-limited capacity becomes which could be used for training the equalizers and echo

C = 2W samples/s= 16W bls ) cancelers. (This issue will be elaborated on in Section VI.)
On the other hand, a hybrid A/D configuration, shown in Fig.
or about 48-64 kb/s foW = 34 kHz. 1(b), has become increasingly common as residential users

The significance of this observation [5] and the practicalitgccess the Internet via service providers who can economically
of implementation using an analog> digital configuration employ direct digital connections to the PSTN. Although
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sections A and B remain the same as in Fig. 1(a), sectionFirst, we will concentrate on the ideal (flat magnitude, linear
C of the connection in Fig. 1(b) is now an all-digital transpogphase) low-pass channel strictly bandlimitedto= 3.5 kHz.

of the DSO streams, typically via T1 or ISDN, to and from th&/e chooseM = 7, f; = 8 kHz, and groups ofN = §
network at large. Thus, there is only a single codec presexamples. Thus, the first seven samples of each group are
in this configuration, located at the channel unit terminatiandependent information-bearing symbols, and every eighth
of section A. Also, user 2's modem is, in effect, inside theample is determined by the first seven independent samples.
network and so can participate directly in the equalizer trainifiche average symbol rate of such a signal2d” = 7
process, e.g., by sending a known training sequence. With tk&ymbols/s, although it is composed of samples generated at
system configuration, the PCM modem approach becomes far= 8 kHz.

less complicated. Such a signal can be written as [5], [6]
In fact, with this hybrid configuration and the assump- o 7
tion of downstream-only transmission, the primary remaining _
) : ) ’ o t)= np(t — 80T 3
technical impediment is accurate equalization of the loop. 5(t) nzz—:oo e ap.n¥p( nT;) @)

However, despite superficial similarities, it is not obvious
how to go about adapting conventional equalization techniquabere
to this problem—the PCM modem equalization problem is

inherently different than that for the conventional modem tp = =17, p=1,2-,7

because we are constrained by the network hardware to . —t, ! ot —1tg)
employ a particular symbol set and, as will be seen, we must up(t) :Smc< 8T, ) H S e

also conform to symbol sampling times which are neither 7=L.a7p

uniform nor under the modem designers’ control. In what o p= 1,2,-,7

follows we display some of the fundamental relationships sine(z) :M (4)
between available bandwidth, channel sampling schedule, and T

the design of equalizers for this modem. anda,, , is the pth data-bearing sample from theth group

In the next section, for the purpose of developing the basi¢ eight samples. Thuss(¢) is built from the M component
structure for the PCM modem equalizer, we assume that T;b\@lseSyp(t). Two typical pulsesy; (t) andy.(t) are shown in
channel unit filter at the central office is strictly bandlimitedrig. 2(a) and (b), respectively. Equation (3) can be interpreted
On real loops, the filters roll off gradually and spectrum outsidgs the multiplexing of\f different pulse-amplitude modulation
the nominal passhand can be exploited. We discuss this isgB&M) streams, with the basic pulse in thth PAM stream
in Section VIL. beingy,(t). The product of sinusoids in,(t) ensures desired
zero crossings and the bandwidth constraint, as will become
clearer in the sequel.

First, observe that the prescribed low-pass bandwidth con-
straint is met—from (4), in the frequency domain, eagli)

Basic Nyquist theory provides that within a one-sidedonsists of a rectangular function bandlimited to 500 Hz,
bandwidth of W Hz it is possible to transmit independenmodulated by a different 500-Hz sine function six times.
symbolsT;, s apart as long as the symbol rate= 1/7, < Hence,y,(t) is bandlimited to 3.5 kHz. By linearitys(¢) in
2W. However, it is known [11], and we show by constructioif3) is also bandlimited to 3.5 kHz.
below that it is also possible to transmit information within Second, observe that thg, ,, can be recovered by appro-
a bandwidth ofiW’ Hz while employing a symbol interval of priate sampling of the signal at the original sampling rate
T, = 1/fs with f; > 2, as long as the actual informationf,. Considery;(¢), shown in Fig. 2(a). The pulse has a
rate is limited to2W/ symbols/s. This can be accomplisheshonzero value at = 0, the time at which the underlying
in principle by permitting ony2W symbols/s to be indepen-data symbol (i.e., the pulse height) can be recovered. There
dently chosen, with the extrd, — 2IW symbols/s carrying is no intersymbol interference (I1SI) at integer multiples/of
limited or no new information or, more precisely, informatiorexcept fort/7; = ---, =9, =1, 7,13, --- = =1 + k8 for
which is in part or fully determined by the independ@® —oco < k < oo, or t/T, congruent to7 mod 8, and no pulse
symbols/s [5], [6]. A simple way to construct such signals is inserted at/7; = 7 mod 8. The pulsey,(¢), shown in Fig.
to permit only some subsel/ out of every N consecutive 2(b), is similar toy;(¢) except that the time at which data is
symbols to be independently chosen, while the remainimgserted is = 75. Continuing in this manner, if the pulse train
N — M become determined by the bandwidth restriction. I(8) is used to encode evefyd = 7 out of N = 8 samples to
the next section we will be more precise about this, derivirtgansmit datal//N = 2W/f,, then no ISI results. Also note
a general relation betweefy, W, M, N, and the available that if, say,« additional hertz of bandwidth is available, the
spectrum. For the time being, we are interested in showipglsesy,(¢) can be constructed to decay at a rate faster than
only the existence of such signals for the case of interest. Wg if the sinc factor in (4) is replaced by a Nyquist pulse with
will construct such signals first for an ideal low-pass channadlloff factor «, while still preserving the zero-ISI property at
bandlimited to 3.5 kHz and then for the more relevant case off&e 7-out-of-8 symbol sampling times.
bandpass channel, which, for illustrative purposes, we choosé-or another ideal channel, bandlimited to 500 Hz-3.5 kHz,
to be strictly bandlimited to 500 Hz-3.5 kHz [6]. we can construct a similar signal by employin§ = 6 basic

I1l. SIGNAL GENERATION FOR THEIDEAL CHANNEL
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Fig. 2. Basic pulses (a}:(¢) and (b) y2(¢) for the low-pass 3.5-kHz

band-limited channel.

pulse waveformgy,(t) as follows:

=) 6

s(t) = Z

n=—oc p=

where
tp =(p— D15,

t—1t t t—1
yp(t) :sinc< 8T5p> oS 27;; H sin 7r(8—TS(1)
g=1, g#p, godd

forp = 1,3,5, and

6
t—t t t—t
yp(t) = sinc< p) sin — H sin mit—t)

8T 2T, 8T,
q=2, g#p, geven

(7)

ap,nyp(t — 8nTy) 5)
1
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or sin (wt/27T;), and the two sinusoids in the product form
move it to 500 Hz-3.5 kHz, therefore satisfying the bandwidth
restriction.

Intuitively, it might be expected that this type of construc-
tion could be extended to the generalized band-limited channel,
i.e., a channel havingl’-Hz total one-sided spectral support,
not necessarily contiguous. It might be expected that this
would work for samples generated at rafg > 2W, with
M samples out of every bearing independent data, and

MDY
N s

(8)

However, a key point is that not evedy, V pair satisfying (8)

will work. For example, in the bandpass case abae= 3
and N = 4 satisfy (8), but it is not possible to find a signal
set of M pulsesy,(t) which will achieve the desired result.
Furthermore, even if valid/ and N are found, the choice

of which particulard/ out of N to choose as data-bearing
samples is not arbitrary, and again, not every choice will work.
In any case, the design of such signals for the ideal channel
is not in itself directly useful in the PCM modem problem
since real-world channels are not flat and linear phase and
equalization will invariably be necessary.

In the next section we will first state a general theory which
allows us to determine both permissillé and /v, as well as
which particulard/ out of IV time instances are appropriate for
an arbitrary nonideal generalized strictly band-limited channel
and f,. Following that, we will describe methods to train
equalizers for this modem.

IV. EQUALIZER THEORY

Let us definel” = NT;. In order to establish a general
equalizer theory for data transmission when the sampling
frequency exceeds the Nyquist rate, it is useful to partition
the pulse familyy,(t) into a set of composite channel-plus-
equalizer impulse responses

pi(t) = h(t) 4 (t),

along the lines shown in Fig. 3(a), which represents the
downstream direction of transmission, i.e., from user 2 to
user 1. Maintaining the sam&/-out-of-N notation from the
previous sectiony*(¢) is now interpreted as the receive filter
(equalizer) for theith data-bearing member of each group of
N samples, and for now we require that thé data-bearing
samples be consecutive. Note that on the network side, user 2's
modem controls the symbol samples presented to the codec,
and we have forced the nondata-beariNg— M samples to

1<k<M (9)

for p = 2, 4, 6. There are now two dependent symbol/samplero3

times, t/7, = 6 mod 8 and¢/T, = 7 mod 8. The signals

With this notation in place, the zero-forcing requirements

y1(t), ya(t), andys(t) are nonzero at/7; = 6 mod 8, and for system of Fig. 3(apx(t) can be written compactly as
y2(t), ya(t), andyg(t) are nonzero at/T, = 7 mod 8, in
addition to the corresponding data-bearing tirhes(p—1)T5,
1 < p <6 for y,(t) and, hence, the signalt) in (5) does not

3Although we consider here the equalization problem for the downstream

bear any data at/T, = 6 mod 8 and¢/T; = 7 mod 8. Note  “Alt ! : _ : | (ne
irection, the analysis applies with straightforward modification for the

that the rectapgulgr function in the frequency domain due Sgstream direction as well, as shown in Fig. 3(b), by simply replacing the
the sinc function is shifted to 1.5-2.5 kHz leps (wt/27,)  r*(¢) with 2 (t).

pr[nT + (m — 1)T,] = 6,.6k—m, 1<k m<M (10)
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Fig. 3. Equalizer configurations for the PCM modem. (a) Downstream. (b) Upstream.
for all n. From (10) for 1 < k, m < M, or, equivalently
00 1 1 1
> e[ + (m = DTL6[E — nT — (m — 1)T4] 1wt W2 Ww-(N-1)
n=—o0 l 1 W2 W4 W—Q(N—l)
= bt — (k= 1T] @1 T : : :
1 W-M-1) -(M-1)2 W—(M-1)(N-1)
or
. LN A SO
p(®) Y 6l —nT — (m = 1)T] = Spemblt — (k — DYTL]. T S Py
n=—oo F(Q) F(Q) F(Q) F(Q)
(12) 1 2 3 M
The Fourier transform of (12) is just B 1\ Lo 1\ Lo 1\ . B 1\ .
o P B B g
T Z W—(m—l)nPk (f + %) _ (Sk_me—iQﬂ'(k—l)fTS 1 0 0 0
n=—oo 13) 0 e 27fTs 0 0
) 0 0 e Hm T 0 15
WhereW == C_’L(QTF/AT), i == \/—1, 1 S If, m S M : : : : ( )
. Z _ Z k]\f i . . . .
Noting that w* = W*tkY for all ¢ and k, (13) can be 0 0 0 e—i2r(M-1)fT,
written as
] Nt ) 00 n I where
TZW Zpk<f+f+i> —(n) A n 1
=0 [A—— PS> B+ 7t ) (16)

_ (Sk_me—'iQﬂ'(k—l)fTS (14)

=—0o0
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Note that (15) relates frequency translates of the composite
folded spectra of the pulse system(t), which, from (16),
are seen to be folded moduly7, Hz. For any particular
frequency fo € (-1/2T,, 1/2T;), N translates off, are
formed atfo +n/T, n =10,1, ---, N — 1, the nth of these

beingﬁin). (Note the periodic nature of the folded spectrum.) 350Hz,

Together, thesd_Dén) must satisfy the inverse DFT relation

(15), which represents (10) in the frequency domain. 4000 Hz 14

Let us define pp, = [F;CO),?S)7...7ﬁ§€N_1)]T_ “4000 Hz [
For notational simplicity, we will also definew = i3
[W-(=D0-U],n and e, as the unit vector in the

kth direction. Then (15) can be written as

-3500 Hz 500 Hz

1 59 (T
7 Wpy =72 ey, 1<k<M. (A7)

Note thatW is an inverse DFT matrix. Thus, the left-hand sideig. 4. Description of the spectral condition on the unit circle. For
of (17) is an inverse DFT relation; each member of the vect%?ffh)f; t%ejf Sh‘};"‘} i"—l’l/fT”)O's‘Z:L‘; d’z\'y?%ﬂsﬁaggr‘fs'a;esartOfEthueiV;‘IJgﬁttli°”
on the right-hand side corresponds to the valuqng_ft) at ) S_houlldzﬁgflew( translatos a‘;/T H: available. part. =4 v
time (m—1)T,, 1 < m < M. These values are specified—for

m # k, they are zero; form = k, they are unity (within  This requirement can be applied to the idealized passband
the time reference adjustment by™2~(*~1fT:). The values channel with a one-sided bandwidth of 3 kHz (500-3500 Hz).
M < m < N are not specified. Thus, (17) expresses thesing a sampling rate¢/7, of 8 kHz andM =6, N =8, it
time domain conditions of (10) in the frequency domain, ban be seen that for any choice ff six 1-kHz translates are
by means of an inverse DFT. It should be noted that (1&ways available in the support of one period of the sample-
should be valid for al| f| < 1/27, similar to the conventional rate folded spectrum. For this channel, our earlier assertion
Nyquist condition. Note that any function that satisfies thgyat A/ = 3, N = 4 will not work can be demonstrated by
zero-crossing conditions expressed in (10) will satisfy (17¢xamining the 2-kHz translates of, for exampfg,= 0 Hz.

Thus, the examples in (3)—(7) satisfy (17). The above criterion can be described geometrically on the
Note that if H(f) vanishes for some values ¢f then the unit circle. Fig. 4 shows the support regions of the sample-
sample-rate folded composite spectrum rate folded spectrun (f) = >>;2__ H(f +1/T.) for the

500-3500 Hz passband channel plotted on the unit circle,
00 I where f takes values from-1/27; to 1/2T, corresponding
Pi(f) = Z by <f + 7) to the range from-7 to «. It can be seen that for ang, at
I=—o00 s least six of the eight Nyquist translates pfie in the support
°o I I regions on the unit circle.
= Z H(f + T)Rk <f + T) (18) In the development above we assumed consecutive sampling
§ § times1 < m < M. When sampling is not consecutive, the
analysis holds for (10)—(14) with the conditiér< m < M re-
may vanish as well, and thus some elements;ofan become placed by the condition that takes oni/ values from the set
zero. Definep,, as the vector obtained by deleting the zero§l, 2, ---, N}. Let us denote this set ef’'s M 2 {m;: 1 <
from p; and defineW as the matrix obtained by deleting then; < N for 1 < i < M, m; # m; for ¢ # j}. Then, the ma-
corresponding columns &&V. Then (17) becomes trix on the left-hand side of (15)W = [W—¢—D0U-D] 0 n
is replaced byW = [W—(m=DG-D],,. ~, and the ma-
5 ) trix on the right-hand side of (15)5;_;e 27 =D/Te] 0y
Wpy, = ¢ 2 k=DfTeg, 1<k< M. (19) is replaced with[§;_;e= 2 (m:=LSTe] o Thus, in this
case, the nonsingularity of/ x M submatrices ofW =
_ _ _ . [W—(mi=DG=1],,, v become a condition for realizability
The matrix W is Fourier [12] and, therefore, ranW = in addition to the spectral condition mentioned above. For
min(M, dim py). If dim pr < M, then (19) becomes anexample, form = {1,2,3,5,6, 7V inthe M = 6, N =
inconsistent set of linear equations. For (19) to havéeast g 1/T = 1-kHz passband problem above, the submatrix
one solution, we must havdim p; > M for all f. In  corresponding to columns 1-3 and 5—Wfbecomes singular
other words, the configuration in Fig. 3(a) can suppbft at, for examplef, = 0 Hz. It is known that whenV is prime,
consecutive data-bearing sample times, as described aboveliasuch submatrices are nonsingular [13]. Thus, wiéris
long as for anyf, € (—1/2T;, 1/2T;), at leastM Nyquist prime, any set of\/ sampling times will do, as long as, for
translates lie in the support of one period of the sample-rad f, at leastd nonzerol/T-spaced translates are available
folded channel spectruth.,°_ __ H(fo +1/T%). in the sample-rate folded spectrum.

l=—0o0

N~
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Fig. 5. Multiuser communication system.

There is an interesting duality between the consecutivigpectrum and equalizers are used to adaptively construct
of the sample times and the contigditgf the sample-rate appropriately orthogonalized end-to-end impulse responses
folded channel support: 1) any sampling times can be used[15]-[18]. Here, we will show how time-staggering, which
provided that the sample-rate folded support is contiguous asdh special case of linear modulation, can be used to achieve
at leastM translates are available, since in this c&%eis full the same sort of orthogonalization and we will relate this to
rank due to the determinant property of Vandermonde matridb®& problem described above.
and 2) any sample-rate folded support set havifigranslates  Fig. 5 is a block diagram of an idealized multiuser data
available can be used provided that thiesampling times are communication system in whici/ users transmit symbol
consecutive, since in this cad¥ is again full rank, for the sequences{al}, {a2}, -, {a}}, each at ratel/T" sym-
same reason. bols/s, using linear transmit filters® (), x2(t), - - -, z*(¢).

Finally, we remark that whedim px = M, the solution Every user's symbols arrive simultaneously at the input to
to (19) is unique. In addition, when there is only one nonzetbeir respective transmit filters at times/”. The output of
term in each?i"), then the equalizer set(t) is also unique. all of the transmit filters is summed and the resultant signal
When dim pr. > M, then the system (19) is underdeteris transmitted over the linear time-invariant chanitt).
mined and an infinite set of solutions exists, though amofiptimates{a; }, {az}, ---, {a;'} of the original transmitted
these there is a unique minimum-norm solution given by ti€quences are formed by passing the channel output signal
pseudoinverse [14]. For the special cakiew pr = N, the throughM parallel linear receive filters!(t), - - -, r*(¢) and
minimum-norm solution to (17) is given by the right inversesampling the receiver output signals at times + A, where

A is the end-to-end system group delay.

pr = WH(WWH) -l i2n(k=DfTs g 1<k<M Systems of this type have been treated in a variety of
(20) contexts [16]-[19] and it has been shown thak(f) has two-
but sinceWwH¥ = NI sidedcontiguousspectral support of at leadt/ /7" Hz, then it
is possible to specify transmit and receive filters such that each
1 of the M data streams can be recovered without interference
1 W (k=1) from the others. More generally, a necessary and sufficient
P =+ emBm(k=DST: | 2=l (21) condition for elimination of interuser interference is given by

: the generalized zero-forcing (GZF) criterion [20]
W (M—1)(k—1)

1 & l
- V‘rn + =)= 0 c—1m
V. RELATION TO MIMO SYSTEMS r Z , <f T) ¥

{=—00
The PCM modem problem described above has some inter- 1

esting parallels to recent work in MIMO communication sys- 1<k ms<M, |fl< 2T (22)
tems in whichM users, each signaling at rat¢7” symbols/s,
simultaneously communicate over a channel having banibere
yvidth M/T Hz. Trgditional t.echniques for the MIMO channel Vien(f) = Xi(HH(f) R (f) (23)
include code-division multiple access (CDMA), frequency- _ _ _
division multiple access (FDMA), and time-division multipleis the frequency-domain transfer function of th transmit-
access (TDMA), but it is also feasible to use wide-ban@r, channel, anehth receiver in cascade. Since (22) must hold
linear modulation, where each user employs the full availadier any f, keepf fixed and letL = L(f) denote the number

of Nyquist translates;, = f +;/T, ¢ =1, ---, L for which

4Contiguity here means that the support set is fully connected when depic

on the unit circle. tﬁd(fli) does not vanish. Defing") 2 Xi(l;)H(fi,) and the

i
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(row) vector where W,,, = ¢~#27™/T_ Defining P,E") = P(f +n/T),
(15) becomes
(ky & (k) (k) (k)
q —[qlquv"'qu]' (24) _(N_
Lo @ 1 W 1wl w? W (N—1)
R
e W 1 Wyt Wy wy -
(m) A 1 NT ° 3 3 ®
r - T [Rm(fll)v R"l(flz)v T Rm(flL)]- (25) :
e W 1 Wit Wi e WY
Then (22) states, for anyf| < 1/2T - . . C
T T T T
a® v =¢8_.. km=12---, M  (26) Py Pty pr L ppy
Pl(O) P(O) P?EO) P](\?)

A necessary and sufficient condition for (26) to have a Pl(l) P2(1) P?fl) PJ(\})
solution is that theM vectorsq®® be linearly independent, | P® r? Py ... po
which in turn imposes conditions jointly arf(¢), r*(¢). _ : : . :

However, if thez*(¢) or 7*(¢) are a priori restricted to pN-1)  p(N-1) pN-1) | pN-1
be pure delays, then the multiuser system of Fig. 5 can L 2 3 M
be reinterpreted as a single-user system in which the user L : : S
transmits just one symbol stream, with arbitrary time spacing e~ 0 0 0
between symbols. With this interpretation, the modem problem 0 e im ST 0 e 0
described above becomes a special case of the MIMO system.= 0 0 em i T 0 . (28)

For example, when the*(¢) are purely delay elements : : : - :
having distinct delays, then the multiple-branch transmitter in 0 0 0 ce e T

Fig. 6(a) can be reinterpreted as in Fig. 6(b), as a commutator

delaysn, between adjacent commutator positions. A furthéiossible in general, since th&,, do not necessarily possess
interpretation of this commutator is that of a single rafgT’ the cyclic nature of#’. On the other hand, any/ columns
transmitted symbol stream driving the channel, with fixefl the matrix on the left-hand side are, in general, linearly

delays7;. between successive symbols as in Fig. 6(c). If vJQOI'e{?e”de’.“-t S_lfrmlar tt(l) the (fa?r:he;lsyncr;fro;ous case, a unique
chooser; = 7 = --- = 73, = 125 s, then this interpretation solution exists if exacth of the H(f + k/T’) are nonzero.

is equivalent to the downstream direction of the PCM modem
problem. In fact, the analysis in Section IV, establishing the VI

support and sampling criteria for realizability of thé(t),

can be seen as a special case of the MIMO system GZIgNe next describe how appropriate equalizer settings for the
requirements (26) in which*(£) A §(t—kr), 0 < k < M—1, PCM modem described above can be adaptively determined,

== assuming a sampling schedule and channel that meet the
and7 = T/N.

' ) . ... . . realizability criteria set forth in Section V. With these criteria
The MIMO interpretation also provides an intuitive justifica

] = met, we know that a unique minimum-norm receiver exists
tion as to why it is important that the nondata-bearMg- M \yhich meets the GZF requirements, and we can then utilize

samples be forced to zero—if the unused samples were B@{ndard minimum mean-squared error (MMSE) techniques to
zeroed, the transmit side of the downstream channel becorggige an appropriately defined error signal toward zero.
equivalent to eight, rather than six, parallel 1-ksymbol/s dataRrecall that in the hybrid A/D arrangement of Fig. 1(b), user
streams, and the nominal 3-kHz available bandwidth is insuf-is digitally connected to the PSTN. This feature facilitates
ficient to support these “additional” users without incurringdaptation since, in effect, user 2’s transmitted digital data
interuser (or, in the single-user interpretation, intersymbadjrectly drives user 1's codec. This allows user 2 to force
interference. a known p-law digital sequence into the codec, which can
Finally, we consider the case in which the transmitters (be used as a training sequence for adapting the downstream
receivers) are pure delays, but thg are not uniform. This equalizersr*(t). Similarly, in the upstream direction, user
is not representative of the PCM modem problem, but it #& is capable of observing the digital representation of the
useful and it follows easily from the preceding analysis. Withedquence ofi-law encoded samples emerging from the codec,
arbitraryr,, the first user transmits at time&’+r, the second Which can be used for adapting thé(t). In what follows

atnT+75, and so on, up to th&lth, who transmits atT+rp;. Ve also assume that for the purposes of initial handshaking
Then, (13) becomes and synchronization, user 1 and user 2 initially set up commu-

nication between themselves by utilizing conventional analog

1 & n ) modem techniques over the available communication path and,

T Z W Py (f + T) = Spme 2T (27) in particular, that user 1 is capable of accurately determining
n=—oo the sampling rate at the codec.

. EQUALIZER ADAPTATION PROCEDURES
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Fig. 6. Multiuser communication system as a set of receive-side equalizers.

We consider adaptation procedures for a general chanequivalent discrete-time system with channel respaige
having unknown nonideal transmission characteristics. Caamnd theM discrete-time equalizers(j), 1 < k < M. In this
tinuing with the notation from Section IV, the codec samplesonfigurationh(;) represents the cascade of the channel bank
uniformly at N/T Hz, and we assume for simplicity that therransmit filter, the analog loop impulse response, and user 1's
M data-bearing samples are consecutive. We further assumadem front-end impulse response. As mentioned above, we
that the equalizers are implemented as finite-impulse respoassume that, during initial handshaking, user 1's modem has
(FIR) filters with tap spacindl; and that the realizability learned the codec sampling rate and that each of the constituent
requirements of Section IV are satisfied for our choice\bf equalizer filters samples the received signal at this rate. The
N, and f;, so that we are assured of the existence of a setgdal is to adaptively determine tHe*(j), 1 < k < M} such
equalizer filters which meet (15) or (26). that thea?, are recovered at the output of ().

We first consider the equalization problem for the down- This can be accomplished for ti¢h equalizer by arranging
stream direction shown in Fig. 3(a). Fig. 7(a) shows ther user 2 to drive the codec with a known pseudorandom
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Fig. 7. Discrete-time equivalents of the PCM modem channel. (a) Downstream. (b) Upstream.

p-law symbol sequence of the form P

ata2ad a0 ... 0abalad a0 ... 0. 50 x(j) h(j) )

where eachV-sample block of the pseudorandom sequence
consists ofM nonzero samples;, 1 < ¢ < M, followed
by N — M zeros. The outpuy® of the kth equalizer filter

is computed at times1" (i.e., once everyN input samples) @)

and the coefficients are adapted based on the error signal

ek 2 4k _ gk using any of the well-known mean-squared 7

error (MSE) minimization techniques, e.g., the least mean,(j) h(j) x(j) sj)
squares (LMS) algorithm. Using this approach, each of the

7%(4) can be adapted independently of the others or, if desired, f@

adaptation can be carried out for alf(j) at once. The 1

existence of a unique minimum-norm GZF solution guarantees +U—

that ther*(5) will converge toward this solution and that, in b)

principle, any remaining error is due solely to implementation

effects, e.g., number of available tap weights. Fig. 8. Equivalent configurations for transmitter equalization, but not for

The corresponding equalizer adaptation problem for tR&2P®aton-

upstream direction is shown in Fig. 7(b). The adaptation pro-

cedure here is somewhat different than that for the downstreasturned instantaneously to user 1 from the codec end, there
case, primarily because in the upstream direction the channeluld still be the case that adaptive updates made tathg)
follows the equalizer, as shown in Fig. 8(a). As a consequene®uld affecte,, a relatively long time after they are made,
the outputs from the equalizer—channel cascade which alge to the group delay of(j). This delay has undesirable
necessary for computing the adaptation error sigifalare consequences for many adaptation techniques, e.g., reduced
not directly available to user 1 where they are required &iability, requiring small stepsizes, and, consequently, slow
update ther* (). Furthermore, even if these outputs were, sagpnvergence.
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An alternative approach is to arrange for the transnlarge values for the intege® and N of Section IV. Practical
equalizers to be initially synthesized by user 2 during a trainingnplementation of a PCM modem with limited available
period and then transferred to user 1, where they would be useemory and processing power may limit the feasible values
for normal data transmission, as shown in Fig. 8(b). Linearigf M/ and N to values somewhat lower than what would
ensures that this rearrangement is transparent. be desired to approach channel capacity. In such cases with

The transmit equalizers can be adapted in this way by haviggnerous bandwidth available, other equalization schemes such
user 1 drive the channel in Fig. 7(a) directly with an inpuas partial response [21] can yield higher achievable rates in a
consisting of the pseudorandom sequence practical implementation.

In addition, we wish to point out that, due to its complex-
ity, we did not consider the approach of faster-than-Nyquist

Then, at user 2's modem, the relocated transmitter filte§tgnaling (see, e.g., [22]). We also wish to point out that there
can be designed based on the above known sequence. Hgi@ alternative rate formulations in the literature for related
however, in contrast to the adaptation of the receivers, WEoblems (see, e.g., [23]).

must adapt the coefficients of the(j) on a samplebasis,

rather than everyV samples, because here we need to force ACKNOWLEDGMENT

the composite impulse responsé(j) = h(j) to zero at all _
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