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1. Consider a second order PLL with the loop filter

s+a

Gls) = s+b

and assume that the transmitter phase receives an input

¢(t) = (2rAft + do)u(t)
i.e., an abrupt change in the phase (¢¢) and frequency (A f) at time ¢ = 0.

(a) What is limy_, o, e(t)?

(b) Recall that the transfer function for the VCO is modeled as K/s. Assume K is given
and finite. What are the conditions on a and b so that lim;_, ., e(t) = 0?

(c) Assume a > 0 and b > 0 are given. We wish to make lim;_,, e(¢) = 0. Is there a way
to accomplish this without changing a or b?

2. Consider the following Costas loop circuit for a BPSK signal. The transmitted signal is given
as
s(t; ¢) = cos(2mft + 0 + @)

where ¢ is the unknown carrier offset and € carries the information. The angle 6 takes one
of the values 0 or 7. Generate a table listing values of # and the values various points in the
circuit take so that you calculate e(¢) for all possible values of 6, and show that (Z) indeed
tracks ¢ via the circuit.
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The circuit above implements a combination of decision directed synchronization and Costas
loop for BPSK. Assume, in the absence of noise, the received signal is in the form of
r(t) = A(t) cos(2m f.t + ¢) where A(t) changes during each symbol period (K7, (k + 1)T7,
assuming values from {—A., A.}. Assume T' = n/ f. where n is a positive integer. Let
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p(t) = 2cos(2nfit + @)
g(t) = 2sin(2mfit+ o)
where <£ is the receiver clock phase. The circuit is designed so that QAS can track the transmitter
clock phase ¢ which may drift due to temperature changes, etc. Define A¢ = ¢ — ¢.
(a) Why can’t one use a simple PLL to extract the transmitter phase ¢?
(b) Calculate a(t) and b(t).
(c) Assuming A¢ is small, show that ¢(t) = A(t) (ignore the delay due to the integrator).

(d) Considering that the upper and the lower rails have the same delay (through the integra-
tor and the delay element, respectively), calculate d(t) (i.e., ignore the effect of delay
on both the upper and lower rails).

(e) Using your calculations of ¢(t) and d(t) above, calculate e(t).

(f) Assuming the loop filter is low-pass, calculate g(¢).

(2) Can g(t) be used to drive the VCO although the phase of A(t) can change by 180°?
Why?

4. The following are a set of classes for noiseless source codes.

1. Fixed-Length Codes: A code whose codeword length is fixed.
2. Variable-Length Codes: A code whose codeword length is not fixed.

3. Distinct Codes: A code for which each codeword is distinguishable from all other
codewords.

4. Prefix Codes: A code in which no codeword is a prefix of another.



5. Uniquely Decodable Codes: A code for which the original source sequence can be re-
constructed perfectly from the encoded binary sequence. All prefix codes are uniquely
decodable but not all uniquely decodable codes are prefix codes.

Consider the following table where a source of size 4 has been encoded in binary codes with

symbol 0 and 1.

s; | Code1 | Code2 | Code3 | Code4 | Code 5 | Code 6
S1 00 00 0 0 0 1

S 01 01 1 10 01 01

S3 00 10 00 110 011 001

S4 11 11 11 111 0111 0001

Fill in the following table by placing a check mark in the appropriate box if a code belongs
to a particular class.

Class

Code 1

Co

de 2 | Code 3 | Code 4

Code 5 | Code 6

Fixed-Length

Variable-Length

Distinct

Prefix

Uniquely Decodable

5. Define the entropy of a discrete source S with probabilities pg, &k =0,1,..., K — 1, as

(a) Show that

K-1 1
H(S) = Y pilog, (—)
k=0 Dx

K-1

k=0

=— > prlogy(px)-

K-1 1
H(S) —log, K =logy(e) > prln (K—m) .
k=0 d

(b) Let f(z) =1n(z) — (z — 1). By using calculus on f(x) show that

In(z) < (z—1),

with equality at z = 1.

z>0

(c) Using the result in part (b) above in part (a), show that

with equality if and only if pr, = 1/K, k=0,1,...

H(S) < log,(K)

K —1.

6. Consider a discrete memoryless source with alphabet S = {so, s1,...,8x—1} with prob-
.,PK—1}, respectively. The nth extension of this source is another dis-
crete memoryless source with source alphabet S™ = {o¢,01,...,0)_1} where M = K".

abilities {po, p1, - -
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Each o corresponds to a unique, ordered concatenation of symbols s;,, sj,,- .-, s;, from S,
i=0,1,.... M -1,0<7,J2,---,Jn < K — 1. Note

P(oj) = P(s,)P(sj,) -+ P(s,)

and
M-1 K-1K-1 K-1
P(oj) = Z P(sj,)P(sj,) - P(sj,)
7=0 71=0 j2=0 In=0
(a) Show that
M-1
=0
(b) Show that
M-1 1
Z P(OJ)IOgZ <_> = H(8)7 k = 1727 7n
=0 Pji.

(c) Hence, show that

M-1 1
]_
(d) Calculate the maximum entropy of an ASCII symbol.
(e) Calculate the maximum entropy of an extended ASCII symbol.
(f) Do you think the entropy of an English text approaches that of the maximum entropy
of an ASCII symbol? Why or why not?

7. Let a source alphabet S be specified in terms of its symbols and probabilities as in the
following table.

St So 81 S9 83 S4 Sy

pr | 030 024 0.21 0.14 0.07 0.04

(a) Calculate the entropy H(S).

(b) Construct the Huffman code for S. Tabulate the codeword corresponding to each sym-
bol sy.

(c) Calculate the average code length L.
(d) Calculate the efficiency of the code, n = H(S)/L.

8. Note
(25, %) = p(x;lye)p(Ye)
and
J-1
Z P(xj, Yr) = p(Yr)-
=0



9.

Recall

Show that

HX,Y) =

(a) Show that
I(X;Y) = H(X) -

(b) Using

and part (a) above, show that

p(z;lye)

J-1K-1

=35 pxj, yk) logy p(xj, yi),

=0 k=0
K—1

— > (k) logy p(yk),

k=0
J-1K-1

=3 > pl@, ue) 1ogy ;] i)

j=0 k=0

H(X|Y) + H(Y).

P(yi|z;)

p(z;) P(yr)

I(X;Y) =1(V; X).



