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Y o000 too olo He ool ol ol 1

Dovo rwl 0000000 | OL11100 1011010 1100110 1101001 1010101 0110011 0001111
1oo0 row2 1000000 | 1111100 0011010 0100110 0101001 0010101 1110011 1001111
©100 row3d 0100000 | 0011100 1111010 1000110 1001001 1110101 0010011 0101111
0019 rowd4 0010000 | 0101100 1001010 1110110 1111001 1000101 0100011 0011111
Ooo| rowS 0001000 | O110100 1010010 1101110 1100000 1011101 0111011 0000111
Olll row6 0000100 | 0111000 1011110 1100010 1101101 1010001 0110111 0001011
101} row? 0000010 | 0111110 1011000 1100100 1101011 1010111 0110001 0001101
li o)y _row8 0000001 | 0111101 1011011 1100111 1101000 1010100 0110010 0001110
[loo row9 1100000 [ 1011100 0111010 0000110 0001001 011010t 1010011 1101111
1010 rowl0 1010000 | 1101100 0001010 0110110 0111001 0000101 1100011 1011111
©l1o rowll 0110000 | 0001100 1101010 1010110 1011001 1100101 0000011 011111}
% lool rowl2 1001000 | 1110100 0010010 OIOIII0 0100000 0011101 1111011 1000111

o109 rowl3 0101000 | 0010100 1110010 1001110 1000001 1111101 0011011  O100111 |
ooil rowld4 0011000 | 0100100 1000010 1!11110 1110001 1001100 0101011 0010111

jir1r{ rowlS 1000100 1111000 0011110 0100010 Ol101101 0010001 1110111 1001011
- 1110 towl6 1110000 1001100 0101010 0010110 0011001 0100101 1000011 1111
583 N
§ \ error Pafﬁ—m: that this code can correct
. n-k.
& For fhis code, n=7 ond k-3. Noke that Fhe fable has 22 1c

rows and 25=8 columns | and therefore has 27 =128 entries.

These 128 entries are all different ond represent all possibilities
-for The rectived vector r. Th first column that has the entry

0000000 ¥epresents error patterns correctable by the code and

Yhar

the first ron Hhot begins with (0000000 represents a | 4+he codewory
When one receives a vecter L, one calevlates 1ts :yndmme,g,
There s a table thot has the e{\ﬁ*ie& of the First colomn ajoit\s‘l[

ol volves of s. This y'lc,lds e. Then one calevlates

173

¢ =

The last theee bits in ¢ (s the message Vector m. (why?),

+S‘-

As an example, assume ome teceives o010l (bold in the
table) . The corresponding syndrome s olof . The correspending

€ Vector is  0101000. This yields ¢ as oOlolo0o + oolioll

'u 011001l . The last three bits are the m Vechor sine the code is

sysi'c,m abe .

AH'ernah‘Ve,ly o the procedure described QbOVo/ ane can keep
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Gate

Received,____ ./ T\ - -
bits U U
Flip-flep  Moduto-2
adder

Whenever all the rece;svcé bits are fedinto the chift register,

it contdins the syndrome .

We will shon that the syndrome of a received codeword
poly:\om‘\ol is the §yndmme o +he corresponding error
poly ne mial.

Note X)) = c(X) +e(X)

e (XY = r(X) + (%)
= ¢ gt +s(X) + a(X) g(x)
= v(X)q(X) + s(X)

Therefore (Xl T e SYI\dmme o-f e(X). Note if «iX)=0
then  §[X) =0. Nhen there are crrors, in general s(X)#0
except  for o number of events with small probabikity of
oceurrence .

Example There is a fowily of cydic codes known as
Homming  codes  with the following parameters

n= QM—I
l\"k = N

Where m23.  For Fhe m=3 qummg wde, twe Senemﬂr

matrix G S 3|ve_v1 as
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The B matrix s

] © o | o | !
K= [0 1 o | v o]
- o o | o ] !
~ - - - Yr 7

I, P

The 2F =16 codewerds can be calwlated by rultiplying @
on the |eft by 6 column vector consiching of four binary
Volues | runn?n& fmm 0000 Yo 11},

-

Message Weight of Message Weight of
Word Code Word Code Word Word Code Word Code Word
0000 0000000 0 1000 1101000 3
0001 1010001 3 1001 0111001 4
0010 1110010 4 1010 0011010 3
0011 0100011 3 1011 1001011 4
0100 0110100 3 1100 1011100 4
0101 1100101 4 1101 0001101 3
0110 1000110 3 1110 0101110 4
0111 0010111 4 1111 1111111 7

Note +hat this code has cli;“ =3. Thwerefore this code
can torrect any \~bit error  aiiong Ahe T bk F releases
to  the  channel. The error patterns and Yn corresponding

synrore values  are rated H\mugh _§=eBT.

-
m,

Syndrome Error Pattern
000 0000000
100 1000000
010 0100000
001 0010000
110 0001000
011 0000100
111 0000010

101 0000001

|
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Assome  that the codevector  lWlooj0 was sent but it was

received as bl oojo (ernor N the second b\'\‘) Let's

calevlate  the <yndrome

)
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Looking of the syndrome dable, we see the error pattern
olooovoo . Ad&r\g, the patfern Ho the reciived | code word
We  gef The transmitted cade_guppc\ as

Ama:8° 39.144 200 SHEETS

’% 22-141 50 SHEETS
@ . 22-142 100 SHEETS

lo1001 0+ 0100000 = 111Doj©

from which we conclude the message wos 0010 because
He code s S\/sﬁ,mq-ﬁc.

Horaming codes ave cy'ohc.v. The Polynéfma\ X'+1 con be
foctored os |

X'+1 = (Ir X)L+ X ) (1 x e x®y .

The polynomials on He RHS are irredveable, they have
no foc-k)rs With woefficents 10 the sev 40,13, By taking
| g(X)=leXax™ B -
we will Se\- a c,ycln‘c wde with n-k=2 and n=7.

" Let’s encode ‘l'hz MCSSG\SQ, Seqvcnq, 0010 . The Messa g

polynomial s m()() x?*
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Dividing X m(X) by 4(X) ond calevlating the vemainder
L(R) ’oy |0n3 division, we have
3 XZ'+\

X+x+l )¢5
X3+ x>+ x%
X3 x*
X+ X+ )

X+ |

Note +he convention Of the, messaqe  seduen co

Mo m| Mg IVJ\3
0o )0
n-k
c(X)=b{X)+ X m(X)
= 1+ X+ X5 %3
The deword s |/ 0010 With the 'Four r]s}\wos*' Li¥s OOjo
be‘mﬁ the message.

The cirovit to  ivplement s encoder it

Y
W2

Gate [

. ,/R
Flip-flop Modulo-2 Parity Code
adder bits 0 word

Message bits Ommmwmmmmted=0’

Let's calcvlate the condente of the shift register as the

wmessage  is  entered  (note the convention 001 0« firsttoentel)

last +S enter
Shift Input” Register Contents ,

ooo (Initial stale)
000

I 10

ol

[

~wWN —
0O0—0

I 2
| < Co,\rcspondf o 14X+ X
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Note the convention +hat #he lefmost register containg b, and
the rightmost £ | |

We transmit  c(X) "on e channel { farst o
Assume e, Ts errored. Therefore

e (X) = I+ Y+ X2+ x5

n_', ast ¢, b ).

ggg 1S Peceived  as
e (X) = [+ X4 X5
;éé Let's  caleslate +he syndrome. (X ) ;.,qs 'ﬂ\L remainder of the
@2 division - of (X Ly g(X)
xR
XeXel XA
X+ X4 x"
X341 |
K x
X
- s(X) =X
One - @an.icalevlate g G mamx for this code. Recall
e g(X) = 1+ X+ x>
“then

Xg(X): X+x5%xt
\’(Ig()()= X+ X+ xS
X q(X) = X e kb x¢

By USTnﬁ the  coeffienks of these Polynom;ala as the rowg
OF a  4x7 ma\‘ﬁX, we 5@,‘} “the {wuow-inﬂ matrix
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HONe,Ve,r, this watriy is  not in  the sys-}zzrﬁa-\ic form By

%%% modulo~z  addifon of the Hfirst ron 4o the +hidd and fourth
5;; nows  and by the modvlo-2  addiion of it econd row do
;5 the, fourH\, it con b made sysi-ema’ﬁc,
©: [\ 1 o 1 o0 o o
G=|(° I ' o 1 o P
b l 0o o 1 o
J o | 0 o o L

From this generator patrix |, one can  generate a table of
syr\dr\omes and |-bit error patterns and  based on 5(X)
calevlate  e(X) and therefore  c(x). and m(X). (n this
case, recoghize s G matrix oS the one belonging o
e Hdmmnﬁ code JTL—U— died earlier Therefore, . we have

e(X) =X

Qnd z 5y
c(X) = laXeX 1 X
.('_/ = [1l00O(0

and
M = Oo0lo.

The drevit o caleulake +the !-}/Y\dr\om is given on Phe neyt
page .




Gate <&
' 4 ¥
Received , N - ALY >
bits  ~ L/ o "\ - -
Mgggz-z Flip-flep
Clets caleolate the contents of the shift register as the
recived codeword 010010 is entered Tnto Hhe shif+ registea
% ~ Shify  Input Contents of Shift Register
§'ﬁ§§ 000  (Initial state)
Sl | () 0090
o 2 | |00
ﬁg 3 0 010
4 o 00|
5 { olo
6 0 00l
7 I olo

And 'H\u'cfore s(X) =X

Cychc codes ore uysed In various tommunicaton systems

, as calevlated previously.
One. grovp  thot is vsed in Many  communications protocol
is  known as C\/chc Redundancy Check (CRQ) cedes,
Nith CRC  cedes, the purpesc s Yo detedt the presence of
ecrors. o Hhe s}mdmw\,e. is not zero  {lare are <rrors, ln
data commumcations, when there  are crrors a request For
retronSmission s made - Such protocols ove cq\\ﬁd Automahic
Repeat  Request  (ARQ@)  protocals,
Some c¢yclic codes Used for error detechon and ¢or rectioh

Ale. BH (Rose-Chaudhori- {‘boc‘ue,njhcm) Codes and Reed-

o

olomon codes.






