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Abstract—In this paper, we analyze the performance of bit
interleaved coded multiple beamforming (BICMB). We provide
interleaver designcriteria suchthat the resulting systemachieves
full spatial multiplexing of min(N; M) and full spatial diversity
of NM for asystemwith N transmit and M receie antennas.We
combined BICMB with OFDM in order to combat ISI causedby
the frequencyselective channels.The resulting system,named as
BICMB-OFDM, achievesfull spatial multiplexing of min(N; M),
while maintaining full spatial and frequencydiversity of NM L
foraN £ M systemover L -tap fr equencyselective channelswhen
an appropriate corvolutional codeis used.Both systemsanalyzed
in this paper assumeperfect channel state information at the
transmitter. Simulation results showv that BICMB, and BICMB-
OFDM provide substantial performance gains when compared
to the other spatial multiplexing systems.

I. INTRODUCTION

It is known that multi-input multi-output (MIMO) systems
provide signi cant capacityincreasd1]. MIMO systemsalso
achieve a high diversity order Some of the high diversity
order achieving systemsdo not require channelstate infor-
mation (CSI) at the transmitter(e.g.,space-timeodes[2]). A
techniquethat provides high diversity and coding gain with
the help of CSI at the transmitteris known as beamforming.
Singularvaluedecompositior(SVD) basedcbeamformingsep-
arateghe MIMO channeinto parallelsubchannelsTherefore,
multiple streamsof data can be transmittedeasily Single
beamformindi.e.,sendingonesymbolatatime) wasshovn to
achieve the maximumdiversityin spacewith a substantiatod-
ing gain comparedo space-timecodes[3]. If morethanone
symbolat a time are transmitted then the techniqueis called
multiple beamforming.For uncodedmultiple beamforming
systemsjt was shavn that while the datarate increasespne
losesthediversity orderwith theincreasinghumberof streams
usedover at fadingchannelg4].

Bit interleared codedmodulation(BICM) wasintroducedas
a way to increasethe codediversity [5], [6]. BICM hasbeen
deployed with OFDM, andMIMO OFDM systemgo achie/e
high diversity orders[7], [8], [9], [10]. In Sectionll-A, we
analyzebit interleaved codedmultiple beamforming BICMB).
We shawv thatwith the inclusionof BICM to the system,one
doesnot lose the diversity order with multiple beamforming

evenwhenall the subchannelareused.Thatis, in Sectionll-
B we shav that BICMB achievesfull diversity N M, andfull
spatialmultiplexing min(N ; M ) for a systemwith N transmit
andM receve antennasin this letter, spatialmultiplexing is
de ned asthe numberof symbolstransmittedsimultaneously
over N transmitantennasln orderto guarantedull diversity,
we provide designcriteria for the interleaver.

If thereis frequeng selectvity in the channel,thenasin
Sectionlll-A, we combinedBICMB with OFDM in orderto
combatlISl. In Sectionlll-B we shov that BICMB-OFDM
achieves full diversity NM L, and full spatial multiplexing
min(N; M) for a systemwith N transmitand M receve
antennasover L-tap frequeng selectve channels,when an
appropriatecorvolutional codeis used.

Il. BIT INTERLEAVED CODED MULTIPLE BEAMFORMING
(BICMB)

A. SystemModel

BICMB is a combinationof BICM andmultiple beamform-
ing. The output bits of a binary corvolutional encoderare
interleaved and then mappedover a signalsetA u C of size
jAj = 2™ with a binary labelingmap?® : f0;1g™ ! A. The
minimum Hamming distanceof the corvolutional encoder
di ree, Shouldsatisfy di ree , S. The interleaver is designed
suchthat the consecutie codedbits are

1) mappedover differentsymbols,
2) transmittedover different subchanneldhat are created
by beamforming.

The reasonsfor the interleaver designare given in Section
[I-B. Gray encodingis usedto map the bits onto symbols.
During transmissionthe codesequence is interleaved by %4
and then mappedonto the signal sequencex 2 A.
Beamforming separategshe MIMO channelinto parallel
subchannelsThe beamformingvectorsusedat the transmitter
andtherecever canbeobtainedoy the SVD [11] of theMIMO
channel.Let H denotethe quasi-static, at fadingN £ M

MIMO channel.Thenthe SVD of H canbe written as
H=UaV" = [uyus:iiun]e[vave vy 7

@)



whereU andV areN £ N andM £ M unitary matrices,
respectiely, anda isanN £ M diagonalmatrix with singular
valuesof H, ,; 2 R andnon-ngative, on the main diagonal
with decreasingrder If S symbolsaretransmittechtthesame
time, then the systeminput-outputrelation at the k™ time
instantcan be written as

X [ugug e us] Hvive:iivs]+ nefviva::
,sXkss T Nis, fors=1;2;:::;S
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wheren, is 1£ M additve white Gaussiamoisewith zero-
mean and variance Ng = N=SNR. Note that, the total
power transmittedis scaledasN . The channelelementsh,,
are modeledas zero-mean,unit-variance complex Gaussian
randomyvariables.Consequentlythe recevved signal-to-noise
ratio is SN R.

ForanN £ M uncodedmultiple beamformingsystem.,if
S symbolsare transmittedat a time, thenit was shavn that
the diversity order for the uncodedmultiple beamformingis
equalto(N j S+ 1)(M | S+ 1) [4].

The bit interleaver of BICMB can be modeledas % :
k9! (k;s;i) wherek® denotesthe original ordering of the
codedbits co, k denoteghe time orderingof the signalsxy.s
transmitted,s denotesthe subchannelisedto transmitxy s,
andi indicatesthe positionof the bit cxo on the symbolxy s.

Let Al denotethe subsetof all signalsx 2 A whoselabel
hasthevalueb 2 f0; 1g in positioni. Then,the ML bit metrics
canbe given by using (12), [5], [6]

°M(Yksi&o) = min jyis i X, sj% 3)
x2A'CkO

The ML decoderat the recever canmalke decisionsaccord-
ing to the rule

X
¢=arg Eryg ©

B. Pairwise Error Probability Analysis

°!(Yi:s; o) 4

In this sectionwe are going to shav that by using BICM,
andthe giveninterlearer designcriteria, codedmultiple beam-
forming canachieve full spatialdiversity orderof NM while
transmittingS - min(N; M) symbolsat a time. Assumethe
codesequence is transmittedand € is detectedThen,using
(3), the PEPof ¢ and€ given CSI canbe written as

P(g! &jH) = !
X X

P min lyksl X, sj? mm ks i X, si?
KO x2A kOX 60

(5)
wheres 2 f1;2;:::;Sg.

For a convolutional code with rate ko=ng, the minimum
Hammingdistancebetweerc ande€, d(cj €), is di ree- ASSUME
dici ¢) = dfree for ¢ and € under considerationfor PEP
analysis.Then, AC and Ae are equal to one anotherfor
all k° except for dfree d|st|nct valuesof k® Therefore,the
inequality on the right handside of (5) shareghe sameterms

onall but di ; e SUMMatiornpoints.Hence the summationsan
be simpli ed to only d; ;e termsfor PEPanalysis.

Note that for binary codesand for the d; ;e points at
hand, 6,0 = &o. For the di ree bits let's denotexy.s =
arg mmeA' Jyk si X, SJ ,and®y.s = arg mmeA' Jyk s i

X, sj?. Itis easyto seethatxy.s 6 Rk:s Sincexys 2 AC and
Ris 2 A(t whereAc andAt are complementarysetsof
constellatmrpomtswnhm theS|gnalconstellat|orsetA Also,
Wiis i Xiis, si? L JYkis i %, si% andxys 2 Acko'

For corvolutional codes,dueto their trellis structure,ds r ee
distinct bits betweenary two codevordsoccurin consecutie
trellis branches.Let's denoted such that di;ee bits occur
within d consecutie bits. The bit interleaver can be designed
suchthatd consecutie bits are mappedonto distinct symbols
(interleaver designcriterion 1). This guaranteethatthereexist
ds ree distinct pairsof (xs; Rk:s), andds ;ee distinct pairs of
(Xk:s; Rk:s). The PEPcanbe rewritten as
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where ., denotesthat the summationis taken with

index k over d; e different valuesof k, and dmyin is the
minimum Euclideandistancebetweertwo constellatiorpoints.
If theinterleaveris designedsuchthatthe consecutie coded
bits of lengthequalto the interleaver deptharetransmittedon
the samesubchannelthen the performancels dominatedby
the worst singular value. In other words, the error event on
the trellis occurson the consecutie branchesspannedy the
worst subchanneland®s = d; ;¢e. This resultsin a diversity
orderof (N j S+ 1)(M j S+ 1) asin uncodedmultiple
beamforming.However, the interleaser can be designedsuch
that the consecutie coded bits are transmittedon different
subchannelginterlearer designcriterion 2). Criterion 2 guar
anteesthat ® , 1, for s = 1;2;:::;S. This way, on the
trellis, within the di ;ee bits under considerationcoded bits
that are transmittedon better subchannelgan provide better
error correctingon the neighboringpits thataretransmittedon
WorsesubchanneIsUsmg an upperboundfor the Q function
Q(x) - (1=2)e * *=2 PEPcanbe upperboundedas
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Let's denote®yin, = minf®; :s= 1;2;:::;Sg. Then,
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Note that, £ = ;.5 = kHki = . jhamj° is @
chi-squaredrandomvariablewith 2N M degreesof freedom
(the elementsof H, h,n, , are compl Gaussianrandom
variables).Then, PEP can be upperboundedby

U 1.
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The expectationin (9) is taken with respectto £ with pdf
fe () = pNMiDei 122DNM (N M 1)! [12]. Consequently
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for high SNR. As can be seenfrom (11) the diversity order
of BICMB at high SNR is NM. Consequently BICMB
achieves full diversity order independentof the number of
spatialstreamgransmitted.

A very low compleity decoderfor BICM can be imple-
mentedasin referenceg13], [14]. The samedecodercanbe
usedfor BICMB as well: Insteadof using the single-input
single-output(SISO) channelvalue of BICM-OFDM for the
decoder([13] and [14]), one shoulduse, s. Hence,BICMB
provides a full spatial multiplexing, full diversity and easy-
to-decodesystem.

I1l. BIT INTERLEAVED CODED MULTIPLE BEAMFORMING

wITH OFDM (BICMB-OFDM)
A. SystemModel

In orderto combatthe ISI in frequeny selectve channels,

we combinedBICMB with OFDM and namedthe systemas
BICMB-OFDM. The systemmaodelis similar to BICMB with
few minor differencesasgivenin this section.The interleaver
is designedsuchthat the consecutie codedbits are

1) interleaved within one MIMO-OFDM symbolto avoid
extra delayrequiremento startdecodingat the recever,

2) mappedover differentsymbols,

3) transmittedover differentsubcarrierof an OFDM sym-
bol,

4) transmittedover different subchannelghat are created
by beamforming.

By addingcyclic pre x (CP),OFDM corvertsthe frequeng
selectve channelinto parallel at fading channelsfor each
subcarrierLet H (k) denotethe quasi-static,at fadingN £ M
MIMO channelobsered at the k™ subcarrierand h,,,, =
[ham (0)  hpm (1) ¢6¢ hym (L 1)]7 representhe L-tap
frequeny selectve channeffrom the transmitantennan to the
receive antennan. Eachtapis assumedo be statisticallyinde-
pendeniandmodeledaszeromeancomplex Gaussiarrandom
variablewith variancel=L. If S symbolsare transmittedon
the samesubcarrierover N transmitantennasthenthe system
input-outputrelation at the k™ subcarriercan be written as

¥s(K) =, s(k)xs(k) + ns(k) (12)

fors=1,2;:::;S, andk = 1;2;:::;K wherens(k) is the
additive white complex Gaussiannoise. Note that, the total
power transmittedand the noise power are scaledsuch that
the receved signal-to-noiseatio is SN R.

B. Pairwise Error Probability Analysis

Using a similar analysisof Sectionll-B, andthe interleaver
designcriteriaof Sectionlll-A, PEPcanbe upperboundedas

P(c! ¢ =E EP(c_:! ng(k);Skg
dzin 5§(k)
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Assuminghigh frequeng selectvity in the channel,, s(k)s
areindependenfor differentk, andidentically distributedfor
the sames. Let's denotel s(k) = , 2(k). The joint pdf of
15(k), for givenk, is givenin [15]. Thejoint pdfis in exponen-
tial form, and for the diversity analysiswhen the integration
in (13) is taken, the upperlimit of the integration (in nity)
tendsto zero. Therefore,an approximationof mamginal pdfs
of each? 4(k) aroundzerocanbe used.Approximationto the
mauginal pdfs of each? (k) is givenin [16], [4] as

f(s(k)) Ya

where- is a scalingconstantLet's denote®; asthe number
of times the s!" changelis used within d; ;ee bits under
consideratiorsuchthat §:1 ®; = df;ee. Note that, criterion
4 guarantee®; , 1; 8s. Theexpectationin (13) canbetaken
usingthe mamginal pdfs of (14)

S(k)(Ni s+1)( Mj s+l)j 1 (14)

¥orH g g o
P! ©-5  ew "“QN F( () g0
s=1
1¥ H dz i @i s+1)( M s+1)
=- .® mh gNR :
2 s=1
(15)

As can b%;seenfrom (15), BICMB-OFDM providesa diversity
orderof ., = &(Nj s+ 1)(M j s+ 1) for a spatial
multiplexing of S. Notethat,if theinterleaver designcriterion
4 is not met, then the maximum diversity order reducesto
(Nj S+ 1)(M | S+ 1)d; e for spatialmultiplexing of S. It
is known thatthe maximumdiversity orderof MIMO systems
over L-tap frequeny selectve channelsis NM L [17], [18].
As will be shawvn in SectionlV-B, BICMB]QFDM achieres
full diversityorderof NM L whenNML - = ®s(N j
s+ 1)(M j s+ 1) for spatialmultiplexing of S

IV. SIMULATION RESULTS

In the simulationsbelow, the industrystandards4-statel/2-
rate (133,171)d;ree = 10 corvolutional code is used. For
BICMB, coded bits are separatednto different streamsof
dataand a randominterleaver is usedto interleave the bits
in each substream BICMB-OFDM deplgys the interleaver
given in [19]. The interleavers guaranteethe design criteria
of Sectionsll, and Ill. The coded bits are mappedonto



symbolsusing 16 QAM with Gray labeling. Eachpaclet has
1000 bytes of information bits, and the channelis changed
independentlfrom pacletto paclet. EachOFDM symbolhas
64 subcarriersandhas4 s duration,of which 0.81s is CP

All the comparisonselow are carriedat 10 ° bit error rate
(BER).

A. BICMB

As can be seenfrom Figure 1 (a), while transmitting at
spatial multiplexing of 2, 3, and 4, BICMB achieves full
diversity at high SNR for the 2£ 2, 3£ 3, and4 £ 4 cases.
Eventhoughthe 4£ 4 systemtransmitstwice the datarate of
2x2 system the performanceof 4 £ 4 systemis signi cantly
betterthanthe the 2 £ 2 system.This is dueto the fact that
the 4 £ 4 systemachieses a diversity order of 16 wherethe
2£ 2 systemhasa diversity orderof 4. ConsequentlyBICMB
provides both advantagesof MIMO systemsit provides full
diversity andfull spatialmultiplexing.

BICMB over Rayleigh flat fading

BICMB with interleavers meeting and not
10°

10 15 20 25
SNRin B SNRin a8

(a) BICMB Results (b) Interleaver Effect

Fig. 1. BICMB over Rayleigh at fadingchannel.

Figurel (b) illustratesthe importanceof the interleaver de-
sign. We simulateda randominterlearer suchthat consecutie
codedbits aretransmittedover the samesubchannelln other
words,on atrellis path,consecutie bits of length1=Sth of the

codedpaclet size are transmittedover the samesubchannel.

Consequentlyan erroron the trellis occursover the pathsthat
are spannedy the worst channel,and the diversity order of
coded multiple beamformingapproachedo that of uncoded
multiple beamforming.

Figures2 (a) and(b) shawv the simulationresultsof BICMB
when comparedto maximum likelihood decoder (MLD),
minimum mean squarederror recever (MMSE), and zero
forcing recever (ZF) for spatialmultiplexing of 2 and spatial
multiplexing of 4 case,respectiely. While MLD achieves a
high diversity orderwith substantiacompleity, ZF achieves
adiversity orderof M j N + 1[20], [21]. MLD is known as
the optimal recever for a spatial multiplexing system.Using
BICM at the transmitterwith an interleaver spreadingthe
consecutie bits over the transmit antennasand deplging
MLD at the recever end can be consideredas the Verti-
cal Encoding (VE) in [20]. Such a systemis capable of
providing a high diversity order However, its substantially
high complity males it almost impossibleto implement.
Therefore, sub-optimal (therefore poorer performance)but
easy-to-implementrecevers are designedsuch as MMSE,
ZF, successie cancellation(SUC) and orderedSUC [20]. As

illustrated for the 2x2 case,BICMB outperformsMLD by
4.5dB, while the performancegain comparedto MMSE and
ZF is more than 25dB. It is possiblethat the base station
(or the accesspoint) has more antennasthan the recever.
BICMB with 4 transmitand 2 receive antennaswith spatial
multiplexing of 2 outperformsMLD by 15.5dB.Whenspatial
multiplexing is 4, BICMB outperformsMMSE and ZF by
more than 30dB.

BICMB vs MLD, MMISE. and ZF, 2 Transmit 2 Receive antennas with 2 streams , BICMB vs MMSE and ZF, 4 Transmit 4 Receive antennas with 4 streams
10 10°

0 25 30
SNRindB

(b) 4£ 4

(@) 2£ 2

Fig. 2. BICMB vs MLD, ZF and MMSE.

B. BICMB-OFDM

Figure 3 (a) illustratesthe resultsfor BICMB-OFDM for
differentrms delay spreadvalues,when 2 streamsof dataare
transmittedat the sametime. The maximumdelay spreadof
the channelis assumedo be ten timesthe rms delay spread.
The channelis modeledasin Sectionlll-A, whereeachtap
is assumedo have equal power. The spectrumof (133,171)
shaws thatthereare 11 codevordswith an Hammingdistance
of di ree from all-zero codevord. When comparedo all-zero
codevord, the codevord [1110010100010101110000000.
hasthe worst performancdor BICMB-OFDM. On this code-
word ® = 3, and ® = 7. Consequentlywhen S =
2, BICMB-OFDM achieves a maximum diversity order of
3NM + 7(N i 1)(M j 1) (19for 2£ 2 system).Note that,
up to 15 ns rms delay spread,BICMB-OFDM achiees the
maximumdiversity with full spatialmultiplexing of 2. A 2£ 2
systemover 20 ns channelprovides a maximum achiezable
diversity order of 20. Therefore,BICMB-OFDM achieves a
diversity order of 19 for rms delay spreadsof 20 ns, 25 ns,
and50 ns.

Figure 3 (b) illustratesthe simulation resultsfor BICMB-
OFDM, BICM-OFDM with spatialmultiplexing (BICM-SM-
OFDM) usingMLD, MMSE, andZF. The spatialmultiplexing
is set as two. The simulations are carried over the IEEE
channelmodel D [22], [23], [24]. As can be seen,BICMB-
OFDM outperformssigni cantly high compleity, but best
spatialmultiplexing recever, MLD, by morethan3.5dB. The
decodingcomplity of BICMB-OFDM is substantialljower
in complity than MLD. BICMB-OFDM outperformseasy-
to-implementMMSE and ZF receiers by more than 10 dB
and more than 15 dB, respectiely. BICMB-OFDM with 4
transmitand 2 receize antennasvith spatialmultiplexing of 2
outperformsMLD by 9 dB.

At this point, we would lik e to make thefollowing important
point: In all the simulationspresentedn this section,it is



| BICMB-OFDM transmiting 2 streams wih 2 trans BICMB-OFDM vs BICM-SM-OFDM over IEEE Channel Model D
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(a) Equal Power Taps (b) IEEE ChannelModel D

Fig. 3. (a) BICMB-OFDM over equalpower frequeng selectve channels,
and(b) BICMB-OFDM vs MLD, MMSE, andZF transmitting2 streamsover
IEEE ChannelModel D.

assumedbhat the beamformingvectors are perfectly known
at the transmitter This may not be the casefor a practical
system,sinceit may require a high-speedfeedbackchannel
dependingon the application. However, as shavn in the
gures, BICMB basedsystemsprovide substantiabain when
comparedto currentpractical systems.This substantialgain
with perfectfeedbackleaves room for signi cant gain with
limited feedbackBICMB and BICMB-OFDM systems.Our
goalin this paperhasbeento provide the performanceanalysis
of BICMB and BICMB-OFDM with the given interleaver
designcriteriausingperfectCSIl assumptiorat the transmitter
The performanceof BICMB based systemswith limited
feedbackis left asfuture work.

V. CONCLUSION

In this paper we analyzedbit interleared coded multiple
beamforming (BICMB). BICMB utilizes the channel state
information at the transmitter and the recever. By doing
so, BICMB achievesfull spatialmultiplexing of min(N; M),
while maintainingfull spatial diversity of NM for a N £
M system.We presentedinterlearer design guidelines to
guarantedull diversity at full spatialmultiplexing. We com-
bined BICMB with OFDM in order to combatISI caused
by the frequeng selectve channels.The resulting system,
namedas BICMB-OFDM, achieves full spatial multiplexing
of min(N; M), while maintainingfull spatialand frequeng
diversityof NM L for aN £ M systemover L -tap frequeny
selectve channelswhen an appropriatecorvolutional codeis
used.

Simulationresultsalso shaved that BICMB and BICMB-
OFDM outperformsthe optimal high compleity MLD, and
easy-to-implememIMSE andZF receverssubstantially The
BICMB and BICMB-OFDM systemsanalyzedin this paper
use perfect channelinformation at the transmitterend. This
may not be the casefor a practical system.However, the
performancegainscomparedo more practicalsystemsareen-
couragingto investicatelimited feedbaclkproblemfor BICMB
basedsystems.
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