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Abstract— In this paper, we analyze the performance of bit
interleaved coded multiple beamforming (BICMB). We provide
interleaver designcriteria suchthat the resulting systemachieves
full spatial multiplexing of min(N ; M ) and full spatial diversity
of N M for a systemwith N transmit and M receiveantennas.We
combinedBICMB with OFDM in order to combat ISI causedby
the fr equencyselective channels.The resulting system,named as
BICMB-OFDM, achievesfull spatial multiplexing of min(N ; M ),
while maintaining full spatial and fr equencydiversity of N M L
for a N £ M systemover L -tap fr equencyselective channelswhen
an appropriate convolutional codeis used.Both systemsanalyzed
in this paper assumeperfect channel state information at the
transmitter. Simulation results show that BICMB, and BICMB-
OFDM provide substantial performance gains when compared
to the other spatial multiplexing systems.

I . INTRODUCTION

It is known that multi-input multi-output (MIMO) systems
provide signi�cant capacityincrease[1]. MIMO systemsalso
achieve a high diversity order. Some of the high diversity
order achieving systemsdo not require channelstate infor-
mation(CSI) at the transmitter(e.g.,space-timecodes[2]). A
techniquethat provides high diversity and coding gain with
the help of CSI at the transmitteris known as beamforming.
Singularvaluedecomposition(SVD) basedbeamformingsep-
aratestheMIMO channelinto parallelsubchannels.Therefore,
multiple streamsof data can be transmittedeasily. Single
beamforming(i.e.,sendingonesymbolata time)wasshown to
achieve themaximumdiversityin spacewith asubstantialcod-
ing gain comparedto space-timecodes[3]. If more thanone
symbolat a time are transmitted,thenthe techniqueis called
multiple beamforming.For uncodedmultiple beamforming
systems,it was shown that while the datarate increases,one
losesthediversityorderwith theincreasingnumberof streams
usedover �at fadingchannels[4].

Bit interleavedcodedmodulation(BICM) wasintroducedas
a way to increasethe codediversity [5], [6]. BICM hasbeen
deployed with OFDM, andMIMO OFDM systemsto achieve
high diversity orders[7], [8], [9], [10]. In SectionII-A, we
analyzebit interleavedcodedmultiplebeamforming(BICMB).
We show that with the inclusionof BICM to the system,one
doesnot lose the diversity order with multiple beamforming

evenwhenall thesubchannelsareused.That is, in SectionII-
B we show that BICMB achievesfull diversity N M , andfull
spatialmultiplexing min(N ; M ) for a systemwith N transmit
andM receive antennas.In this letter, spatialmultiplexing is
de�ned as the numberof symbolstransmittedsimultaneously
over N transmitantennas.In orderto guaranteefull diversity,
we provide designcriteria for the interleaver.

If there is frequency selectivity in the channel,then as in
SectionIII-A, we combinedBICMB with OFDM in order to
combat ISI. In Section III-B we show that BICMB-OFDM
achieves full diversity N M L, and full spatial multiplexing
min(N ; M ) for a systemwith N transmit and M receive
antennasover L-tap frequency selective channels,when an
appropriateconvolutional codeis used.

I I . BIT INTERLEAVED CODED MULTIPLE BEAMFORMING

(BICMB)

A. SystemModel

BICMB is a combinationof BICM andmultiple beamform-
ing. The output bits of a binary convolutional encoderare
interleaved and thenmappedover a signal set Â µ C of size
jÂj = 2m with a binary labeling map ¹ : f 0; 1gm ! Â. The
minimum Hamming distanceof the convolutional encoder,
df r ee, shouldsatisfy df r ee ¸ S. The interleaver is designed
suchthat the consecutive codedbits are

1) mappedover differentsymbols,
2) transmittedover different subchannelsthat are created

by beamforming.

The reasonsfor the interleaver designare given in Section
II-B. Gray encodingis usedto map the bits onto symbols.
During transmission,the codesequencec is interleaved by ¼,
and thenmappedonto the signalsequencex 2 Â.

Beamforming separatesthe MIMO channel into parallel
subchannels.Thebeamformingvectorsusedat the transmitter
andthereceivercanbeobtainedby theSVD [11] of theMIMO
channel.Let H denotethe quasi-static,�at fading N £ M
MIMO channel.Thenthe SVD of H canbe written as

H = U¤V H = [u1 u2 : : : uN ]¤[ v1 v2 : : : vM ]H (1)



where U and V are N £ N and M £ M unitary matrices,
respectively, and¤ is anN £ M diagonalmatrix with singular
valuesof H , ¸ i 2 R andnon-negative, on the main diagonal
with decreasingorder. If S symbolsaretransmittedat thesame
time, then the systeminput-output relation at the k th time
instantcanbe written as

yk = xk [u1 u2 : : : uS ]H H [v1 v2 : : : vS ] + nk [v1 v2 : : : vS ]

yk ;s = ¸ sxk ;s + nk ;s , for s = 1; 2; : : : ; S (2)

wherenk is 1 £ M additive white Gaussiannoisewith zero-
mean and variance N0 = N=SN R. Note that, the total
power transmittedis scaledasN . The channelelementshnm

are modeledas zero-mean,unit-variancecomplex Gaussian
randomvariables.Consequently, the received signal-to-noise
ratio is SN R.

For an N £ M uncodedmultiple beamformingsystem,if
S symbolsare transmittedat a time, then it was shown that
the diversity order for the uncodedmultiple beamformingis
equalto (N ¡ S + 1)(M ¡ S + 1) [4].

The bit interleaver of BICMB can be modeled as ¼ :
k0 ! (k; s; i ) where k0 denotesthe original ordering of the
codedbits ck 0, k denotesthe time orderingof the signalsxk ;s

transmitted,s denotesthe subchannelusedto transmit xk ;s ,
andi indicatesthe positionof the bit ck 0 on the symbolxk ;s .

Let Âi
b denotethe subsetof all signalsx 2 Â whoselabel

hasthevalueb 2 f 0; 1g in positioni . Then,theML bit metrics
canbe given by using(12), [5], [6]

° i (yk ;s ; ck 0) = min
x 2 Â i

c k 0

jyk ;s ¡ x¸ s j2: (3)

TheML decoderat thereceiver canmake decisionsaccord-
ing to the rule

ĉ = argmin
c2C

X

k 0

° i (yk ;s ; ck 0): (4)

B. Pairwise Error Probability Analysis

In this sectionwe are going to show that by using BICM,
andthegiveninterleaver designcriteria,codedmultiple beam-
forming canachieve full spatialdiversity orderof N M while
transmittingS · min(N ; M ) symbolsat a time. Assumethe
codesequencec is transmittedand ĉ is detected.Then,using
(3), the PEPof c and ĉ given CSI canbe written as

P(c ! ĉjH ) =

P

Ã
X

k 0

min
x 2 Â i

c k 0

jyk ;s ¡ x¸ s j2 ¸
X

k 0

min
x 2 Â i

ĉ k 0

jyk ;s ¡ x¸ s j2
!

(5)

wheres 2 f 1; 2; : : : ; Sg.
For a convolutional code with rate k0=n0, the minimum

Hammingdistancebetweenc andĉ, d(c¡ ĉ), is df r ee. Assume
d(c ¡ ĉ) = df r ee for c and ĉ under considerationfor PEP
analysis.Then, Âi

ck 0 and Âi
ĉk 0

are equal to one anotherfor
all k0 except for df r ee distinct valuesof k0. Therefore,the
inequalityon the right handsideof (5) sharesthe sameterms

on all but df r ee summationpoints.Hence,thesummationscan
be simpli�ed to only df r ee termsfor PEPanalysis.

Note that for binary codes and for the df r ee points at
hand, ĉk 0 = ¹ck 0. For the df r ee bits let's denote ~xk ;s =
argminx 2 Â i

c k 0
jyk ;s ¡ x¸ s j2, andx̂k ;s = argminx 2 Â i

¹c k 0
jyk ;s ¡

x¸ s j2. It is easyto seethat ~xk ;s 6= x̂k ;s since~xk ;s 2 Âi
ck 0 and

x̂k ;s 2 Âi
¹ck 0 whereÂi

ck 0 and Âi
¹ck 0 are complementarysetsof

constellationpointswithin thesignalconstellationsetÂ. Also,
jyk ;s ¡ xk ;s ¸ s j2 ¸ jyk ;s ¡ ~xk ;s ¸ s j2 andxk ;s 2 Âi

ck 0 .
For convolutional codes,dueto their trellis structure,df r ee

distinct bits betweenany two codewordsoccurin consecutive
trellis branches.Let's denoted such that df r ee bits occur
within d consecutive bits. The bit interleaver canbe designed
suchthatd consecutive bits aremappedontodistinct symbols
(interleaver designcriterion1). This guaranteesthatthereexist
df r ee distinct pairsof (~xk ;s ; x̂k ;s ), anddf r ee distinct pairsof
(xk ;s ; x̂k ;s ). The PEPcanbe rewritten as

P(c ! ĉjH ) =

P

0

@
X

k ;d f r ee

jyk ;s ¡ ~xk ;s ¸ s j2 ¡ jyk ;s ¡ x̂k ;s ¸ s j2 ¸ 0

1

A

· Q

0

B
B
B
B
@

vu
u
u
t d2

min

SP

s=1
®s¸ 2

s

2N0

1

C
C
C
C
A

(6)

where
P

k ;d f r ee
denotesthat the summationis taken with

index k over df r ee different values of k, and dmin is the
minimumEuclideandistancebetweentwo constellationpoints.

If theinterleaver is designedsuchthattheconsecutivecoded
bits of lengthequalto the interleaver deptharetransmittedon
the samesubchannel,then the performanceis dominatedby
the worst singular value. In other words, the error event on
the trellis occurson the consecutive branchesspannedby the
worst subchannel,and®S = df r ee. This resultsin a diversity
order of (N ¡ S + 1)(M ¡ S + 1) as in uncodedmultiple
beamforming.However, the interleaver can be designedsuch
that the consecutive coded bits are transmittedon different
subchannels(interleaver designcriterion 2). Criterion 2 guar-
anteesthat ®s ¸ 1, for s = 1; 2; : : : ; S. This way, on the
trellis, within the df r ee bits under consideration,codedbits
that are transmittedon bettersubchannelscan provide better
errorcorrectingon theneighboringbits thataretransmittedon
worsesubchannels.Using an upperboundfor the Q function
Q(x) · (1=2)e¡ x 2 =2, PEPcanbe upperboundedas

P(c ! ĉ) · E
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Let's denote®min = minf ®s : s = 1; 2; : : : ; Sg. Then,
SP

s=1
®s¸ 2

s

S
¸

®min

SP

s=1
¸ 2

s

S
¸

®min

NP

s=1
¸ 2

s

N
: (8)



Note that, £
4
=

P N
s=1 ¸ 2

s = kH k2
F =

P
n;m jhn;m j2 is a

chi-squaredrandomvariablewith 2N M degreesof freedom
(the elementsof H , hn;m , are complex Gaussianrandom
variables).Then,PEPcanbe upperboundedby

P(c ! ĉ) · E
·

1
2

exp
µ

¡
d2

min ®min S
4N0N

£
¶ ¸

: (9)

The expectationin (9) is taken with respectto £ with pdf
f £ (µ) = µ(N M ¡ 1) e¡ µ=2=2N M (N M ¡ 1)! [12]. Consequently,

P(c ! ĉ) ·
1

2N M +1

µ
d2

min ®min S
4N0N

+
1
2

¶ ¡ N M

(10)

¼
1

2N M +1

µ
d2

min ®min S
4N 2 SN R

¶ ¡ N M

(11)

for high SNR. As can be seenfrom (11) the diversity order
of BICMB at high SN R is N M . Consequently, BICMB
achieves full diversity order independentof the number of
spatialstreamstransmitted.

A very low complexity decoderfor BICM can be imple-
mentedas in references[13], [14]. The samedecodercanbe
used for BICMB as well: Insteadof using the single-input
single-output(SISO) channelvalue of BICM-OFDM for the
decoder([13] and [14]), one shoulduse¸ s. Hence,BICMB
provides a full spatial multiplexing, full diversity, and easy-
to-decodesystem.

I I I . BIT INTERLEAVED CODED MULTIPLE BEAMFORMING

WITH OFDM (BICMB-OFDM)

A. SystemModel

In order to combatthe ISI in frequency selective channels,
we combinedBICMB with OFDM andnamedthe systemas
BICMB-OFDM. Thesystemmodelis similar to BICMB with
few minor differencesasgiven in this section.The interleaver
is designedsuchthat the consecutive codedbits are

1) interleaved within one MIMO-OFDM symbol to avoid
extra delayrequirementto startdecodingat thereceiver,

2) mappedover differentsymbols,
3) transmittedover differentsubcarriersof anOFDM sym-

bol,
4) transmittedover different subchannelsthat are created

by beamforming.

By addingcyclic pre�x (CP),OFDM convertsthefrequency
selective channelinto parallel �at fading channelsfor each
subcarrier. Let H (k) denotethequasi-static,�at fadingN £ M
MIMO channelobserved at the k th subcarrier, and hnm =
[hnm (0) hnm (1) ¢¢¢ hnm (L ¡ 1)]T representthe L-tap
frequency selective channelfrom thetransmitantennan to the
receiveantennam. Eachtapis assumedto bestatisticallyinde-
pendentandmodeledaszeromeancomplex Gaussianrandom
variablewith variance1=L. If S symbolsare transmittedon
thesamesubcarrierover N transmitantennas,thenthesystem
input-outputrelationat the k th subcarriercanbe written as

ys(k) = ¸ s(k)xs(k) + ns(k) (12)

for s = 1; 2; : : : ; S, and k = 1; 2; : : : ; K wherens(k) is the
additive white complex Gaussiannoise. Note that, the total
power transmittedand the noise power are scaledsuch that
the received signal-to-noiseratio is SN R.

B. Pairwise Error Probability Analysis

Usinga similar analysisof SectionII-B, andthe interleaver
designcriteriaof SectionIII-A, PEPcanbeupperboundedas

P(c ! ĉ) = E [P(c ! ĉjH (k); 8k)]

· E
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Assuminghigh frequency selectivity in the channel,̧ s(k)s
areindependentfor differentk, andidentically distributedfor
the sames. Let's denote¹ s(k) = ¸ 2

s(k). The joint pdf of
¹ s(k), for givenk, is givenin [15]. Thejoint pdf is in exponen-
tial form, and for the diversity analysiswhen the integration
in (13) is taken, the upper limit of the integration (in�nity)
tendsto zero. Therefore,an approximationof marginal pdfs
of each¹ s(k) aroundzerocanbe used.Approximationto the
marginal pdfs of each¹ s(k) is given in [16], [4] as

f (¹ s(k)) ¼ ·¹ s(k)(N ¡ s+1)( M ¡ s+1) ¡ 1 (14)

where· is a scalingconstant.Let's denote®s as the number
of times the sth channel is used within df r ee bits under
considerationsuchthat

P S
s=1 ®s = df r ee. Note that,criterion

4 guarantees®s ¸ 1; 8s. Theexpectationin (13) canbetaken
using the marginal pdfs of (14)

P(c ! ĉ) ·
1
2
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s=1

· Z
exp

µ
¡

d2
min ¹ s(k)

4N0

¶
f (¹ s(k))d¹ s (k )

¸ ®s

=
1
2
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s=1

· ®s

µ
d2

min

4N
SN R

¶ ¡ ®s (N ¡ s+1)( M ¡ s+1)

:

(15)

As canbeseenfrom (15),BICMB-OFDM providesa diversity
order of

P S
s=1 = ®s(N ¡ s + 1)(M ¡ s + 1) for a spatial

multiplexing of S. Note that, if the interleaver designcriterion
4 is not met, then the maximum diversity order reducesto
(N ¡ S+ 1)(M ¡ S+ 1)df r ee for spatialmultiplexing of S. It
is known that themaximumdiversityorderof MIMO systems
over L-tap frequency selective channelsis N M L [17], [18].
As will be shown in SectionIV-B, BICMB-OFDM achieves
full diversityorderof N M L whenN M L ·

P S
s=1 = ®s(N ¡

s + 1)(M ¡ s + 1) for spatialmultiplexing of S.

IV. SIMULATION RESULTS

In thesimulationsbelow, the industrystandard64-state1/2-
rate (133,171)df r ee = 10 convolutional code is used.For
BICMB, coded bits are separatedinto different streamsof
data and a randominterleaver is usedto interleave the bits
in each substream.BICMB-OFDM deploys the interleaver
given in [19]. The interleavers guaranteethe designcriteria
of Sections II, and III. The coded bits are mappedonto



symbolsusing16 QAM with Gray labeling.Eachpacket has
1000 bytes of information bits, and the channelis changed
independentlyfrom packet to packet.EachOFDM symbolhas
64 subcarriers,andhas4 ¹s duration,of which 0.8 ¹s is CP.
All the comparisonsbelow are carriedat 10¡ 5 bit error rate
(BER).

A. BICMB

As can be seenfrom Figure 1 (a), while transmitting at
spatial multiplexing of 2, 3, and 4, BICMB achieves full
diversity at high SNR for the 2 £ 2, 3 £ 3, and 4 £ 4 cases.
Even thoughthe 4£ 4 systemtransmitstwice the datarateof
2x2 system,the performanceof 4 £ 4 systemis signi�cantly
betterthan the the 2 £ 2 system.This is due to the fact that
the 4 £ 4 systemachieves a diversity order of 16 wherethe
2£ 2 systemhasa diversityorderof 4. Consequently, BICMB
provides both advantagesof MIMO systems:It provides full
diversity and full spatialmultiplexing.
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Fig. 1. BICMB over Rayleigh�at fadingchannel.

Figure1 (b) illustratesthe importanceof the interleaver de-
sign.We simulateda randominterleaver suchthatconsecutive
codedbits aretransmittedover the samesubchannel.In other
words,on a trellis path,consecutive bits of length1=Sth of the
codedpacket size are transmittedover the samesubchannel.
Consequently, anerroron the trellis occursover thepathsthat
are spannedby the worst channel,and the diversity order of
codedmultiple beamformingapproachesto that of uncoded
multiple beamforming.

Figures2 (a) and(b) show thesimulationresultsof BICMB
when compared to maximum likelihood decoder (MLD),
minimum mean squarederror receiver (MMSE), and zero
forcing receiver (ZF) for spatialmultiplexing of 2 andspatial
multiplexing of 4 case,respectively. While MLD achieves a
high diversity orderwith substantialcomplexity, ZF achieves
a diversity orderof M ¡ N + 1 [20], [21]. MLD is known as
the optimal receiver for a spatialmultiplexing system.Using
BICM at the transmitter with an interleaver spreadingthe
consecutive bits over the transmit antennasand deploying
MLD at the receiver end can be consideredas the Verti-
cal Encoding (VE) in [20]. Such a system is capableof
providing a high diversity order. However, its substantially
high complexity makes it almost impossible to implement.
Therefore, sub-optimal (therefore poorer performance)but
easy-to-implementreceivers are designedsuch as MMSE,
ZF, successive cancellation(SUC) andorderedSUC [20]. As

illustrated for the 2x2 case,BICMB outperformsMLD by
4.5dB, while the performancegain comparedto MMSE and
ZF is more than 25dB. It is possiblethat the basestation
(or the accesspoint) has more antennasthan the receiver.
BICMB with 4 transmitand 2 receive antennaswith spatial
multiplexing of 2 outperformsMLD by 15.5dB.Whenspatial
multiplexing is 4, BICMB outperformsMMSE and ZF by
more than30dB.
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Fig. 2. BICMB vs MLD, ZF andMMSE.

B. BICMB-OFDM

Figure 3 (a) illustratesthe resultsfor BICMB-OFDM for
differentrms delayspreadvalues,when2 streamsof dataare
transmittedat the sametime. The maximumdelay spreadof
the channelis assumedto be ten times the rms delayspread.
The channelis modeledas in SectionIII-A, whereeachtap
is assumedto have equalpower. The spectrumof (133,171)
shows that thereare11 codewordswith anHammingdistance
of df r ee from all-zerocodeword. Whencomparedto all-zero
codeword, the codeword [1110010100010101110000000.. . ]
hasthe worst performancefor BICMB-OFDM. On this code-
word ®1 = 3, and ®2 = 7. Consequently, when S =
2, BICMB-OFDM achieves a maximum diversity order of
3N M + 7(N ¡ 1)(M ¡ 1) (19 for 2 £ 2 system).Note that,
up to 15 ns rms delay spread,BICMB-OFDM achieves the
maximumdiversitywith full spatialmultiplexing of 2. A 2£ 2
systemover 20 ns channelprovides a maximum achievable
diversity order of 20. Therefore,BICMB-OFDM achieves a
diversity order of 19 for rms delay spreadsof 20 ns, 25 ns,
and50 ns.

Figure 3 (b) illustratesthe simulation resultsfor BICMB-
OFDM, BICM-OFDM with spatialmultiplexing (BICM-SM-
OFDM) usingMLD, MMSE, andZF. Thespatialmultiplexing
is set as two. The simulations are carried over the IEEE
channelmodel D [22], [23], [24]. As can be seen,BICMB-
OFDM outperformssigni�cantly high complexity, but best
spatialmultiplexing receiver, MLD, by morethan3.5 dB. The
decodingcomplexity of BICMB-OFDM is substantiallylower
in complexity than MLD. BICMB-OFDM outperformseasy-
to-implementMMSE and ZF receivers by more than 10 dB
and more than 15 dB, respectively. BICMB-OFDM with 4
transmitand2 receive antennaswith spatialmultiplexing of 2
outperformsMLD by 9 dB.

At thispoint,wewould like to make thefollowing important
point: In all the simulationspresentedin this section, it is
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Fig. 3. (a) BICMB-OFDM over equalpower frequency selective channels,
and(b) BICMB-OFDM vs MLD, MMSE, andZF transmitting2 streamsover
IEEE ChannelModel D.

assumedthat the beamformingvectorsare perfectly known
at the transmitter. This may not be the casefor a practical
system,since it may require a high-speedfeedbackchannel
dependingon the application. However, as shown in the
�gures, BICMB basedsystemsprovide substantialgain when
comparedto current practical systems.This substantialgain
with perfect feedbackleaves room for signi�cant gain with
limited feedbackBICMB and BICMB-OFDM systems.Our
goalin thispaperhasbeento provide theperformanceanalysis
of BICMB and BICMB-OFDM with the given interleaver
designcriteriausingperfectCSI assumptionat thetransmitter.
The performanceof BICMB based systemswith limited
feedbackis left as future work.

V. CONCLUSION

In this paper, we analyzedbit interleaved codedmultiple
beamforming(BICMB). BICMB utilizes the channel state
information at the transmitter and the receiver. By doing
so, BICMB achieves full spatialmultiplexing of min(N ; M ),
while maintaining full spatial diversity of N M for a N £
M system. We presentedinterleaver design guidelines to
guaranteefull diversity at full spatialmultiplexing. We com-
bined BICMB with OFDM in order to combat ISI caused
by the frequency selective channels.The resulting system,
namedas BICMB-OFDM, achieves full spatialmultiplexing
of min(N ; M ), while maintainingfull spatialand frequency
diversity of N M L for a N £ M systemover L-tap frequency
selective channelswhen an appropriateconvolutional codeis
used.

Simulationresultsalso showed that BICMB and BICMB-
OFDM outperformsthe optimal high complexity MLD, and
easy-to-implementMMSE andZF receiverssubstantially. The
BICMB and BICMB-OFDM systemsanalyzedin this paper
use perfect channelinformation at the transmitterend. This
may not be the case for a practical system.However, the
performancegainscomparedto morepracticalsystemsareen-
couragingto investigatelimited feedbackproblemfor BICMB
basedsystems.
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