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Low-Voltage Chaotic Oscillator With an
Approximate Cubic Nonlinearity

A. M. Eltawil and A. S. Elwakil

Abstract A compact eight-transistor grounded nonlinear resis-
tor possessing cubic-like current-voltage characteristics and op-
timized for low-voltage operation (�1.5V) is designed in a 2�
CMOS process. The resistor is then incorporated into the well-
known Chua’s circuit and tuned to develop the double-scroll
chaotic attractor. The inherent nonlinear behaviours of a single-
ended differential pair and simple current mirrors are used to
shape the resistor characteristics.
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1. Introduction

Chaotic oscillator design has recently received increas-
ing interest due to the possible commercial applications
of chaotic signals, mostly in communication systems. In
order to merge with existing technology, oscillators that
are suitable for VLSI integration are required. Based on
the well-known Chua’s circuit [1], several attempts were
carried out to produce a monolithic version of the cir-
cuit [2,3]. It can be realized that the most difficult part
to synthesize in the circuit is the active nonlinear resistor
(Chua diode) which is usually modelled by three-segment
piecewise-linear characteristics. The standard op amp re-
alization of [4] has served as the guide for most of the
other implementations inspite of the change of the active
device (ex. using OTAs instead of op amps). The main dis-
advantage of these implementations is the utilization of
linearly-optimized devices (op amps, OTAs, current con-
veyors ... etc.) to synthesize strongly nonlinear character-
istics by forcing at least one device to operate nonlinearly.
Thus, the effort made by IC designers to improve the linear
performance of these devices, which implies adding more
transistors and increasing complexity, is wasted. More-
over, optimization of these devices for low-voltage, low-
power or high speed operation does not guarantee their
behaviour in the nonlinear region. Hence, it should be
more suitable to design nonlinear building blocks on the
transistor level instead of the circuit level making use of
the inherent nonlinear behaviour of single transistors and
transistor pairs. In this work we design a compact eight-
transistor CMOS grounded nonlinear resistor with cubic-
like driving-point characteristics. The use of a cubic non-
linearity in Chua’s circuit was reported in [5]. However, an
exact cubic nonlinearity is hard to implement and requires
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several analog multipliers [5]. Therefore, if the same qual-
itative dynamics can be produced with an approximation
of the cubic characteristics, a compact and easy to op-
timize circuit would result. For this purpose, our design
relies on a core two-transistor differential pair and three
current mirrors exploiting their linear and nonlinear full-
range behaviours.

2. Nonlinear Resistor

Shown in Fig. 1 is the proposed grounded nonlinear re-
sistor (NR) composed of transistors M1-M8 (substrates of
all transistors are connected to the appropriate rail) and the
biasing current source I. Transistors M1-M2 form a single-
ended differential pair while transistor pairs: M3-M4, M5-
M6 and M7-M8 perform as current mirrors. These mirrors
are used to subtract the drain currents of M1 and M2. The

Fig. 1. Chua’s circuit with the proposed nonlinear resistor.

current difference is then routed back to the resistor’s in-
put port representing its input current. Transistors M4 and
M8 thus form an output stage. For small input voltages,
the current mirrors operate ideally and the input resistance
is dominated by the differential pair resulting in a nega-
tive resistance around the origin. As the input voltage is
increased (or decreased) beyond the switching voltage of
the differential pair, the whole biasing current I (tail cur-
rent) is guided into either M1 or M2. At this point, one of
the transistors forming the output stage (M4 or M8) will
be forced into cuttoff while the other can be forced to en-
ter its linear mode of operation resulting in a positive input
resistance. Hence, odd-symmetrical characteristics are ob-
tained.
The current-voltage characteristics for a positive input
voltage (Vin�0) are given by:
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where, I is the biasing current source and
Ki = �nCox(W=L)i (�n : electron mobility,Cox :
metal-oxide capacitance,(W=L)i : aspect ratio of tran-
sistorMi). Similar analysis can be performed for Vin<0
where transistors M2 and M8 are working instead of
M1 and M4 respectively. Assuming that the output stage
formed by M4 and M8 has a current multiplication factor
m, one can calculate the necessary K4 from the condition

at the switching voltage(Vin =
q
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) which implies that

Iin=m I. Hence,
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A disadvantage of our proposed nonlinear resistor can
be observed from (1) since the switching voltage (break
point) and the negative slope are interdependent. It is
only possible to independently tune the positive slope
through K3 or K4. PSpice simulations of the configura-
tion were carried out using the 2� CMOS model parame-
ters given in Table 1. The obtained cubic-like characteris-
tics are plotted in Fig. 2 with I=500�A, (W/L)1;2=4/100,
(W/L)3;4;5;6=2/200 and (W/L)7;8=4/200.

Table 1. PSpice simulations of the configuration were carried out
using the 2� CMOS model parameters

MODEL NMOS2U MODEL MOS2UP
NMOS LEVEL=2 PMOS LEVEL=2

LD 0.225112U 0.177432U
TOX 405.000001E-10 405.000001E-10
NSUB 2.256421E+15 3.956006E+15
VTO 0.707227 -0.704048
KP 4.954000E-05 2.526000E-05
GAMMA 1.0151 0.4251
PHI 0.6 0.6
UO 581 299.253
UEXP 0.217142 0.1933
UCRIT 115146 5462.67
LAMBDA 0.01 0.01
DELTA 1.360440 0.91285
VMAX 68535.3 29720.9
XJ 0.250000U 0.250000U
NFS 2.85E+12 1.00E+11
NEFF 1 1
NSS 1.000000E+10 1.000000E+10
TPG 1.000000 -1.000000
RSH 27.020000 107.40000
CGDO 2.873845E-10 2.262940E-10
CGSO 2.880845E-10 2.268940E-10
CGBO 3.840832E-10 3.471103E-10
CJ 4.100000E-04 1.898000E-04
MJ 0.4650 0.439556
CJSW 4.803300E-10 2.267600E-10
MJSW 0.351 0.207266
PB 0.800000 0.700000

3. Chaotic Oscillator

The nonlinear resistor was connected in a Chua’s circuit
construction as shown in Fig. 1. The single and dou-
ble scroll attractors were observed for a wide range of
parameters in PSpice simulations. Fig. 3 represents the
VC1-VC2 trajectory for C1=10pF, C2=100pF, L=25�H
and R=1.75K
. The corresponding frequency spectrum of
VC1 is shown in Fig. 4 extending to the MHz range. As ex-
pected, the dynamics of the circuit are preserved although
the nonlinear resistor only approximates a cubic nonlin-
earity. It was our main objective to optimize the circuit for
low voltage operation, however, its frequency response is
still satisfactory.

Fig. 2. Current-voltage characteristics of the nonlinear resistor.

Fig. 3. The double scroll attractor observed using PSpice.
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Fig. 4. Spectrum of the VC1 signal.

4. Conclusion

A simple low-voltage grounded CMOS nonlinear resistor
with cubic-like characteristics was designed. The double
scroll chaotic dynamics were preserved in a Chua’s
circuit using this resistor. It is worth noting that the
implementation of an inductor in monolithic form is still
a challenging problem. However, for moderate operating
frequencies, the method described in [3] can be used to
emulate the inductor in Chua’s circuit.
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